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Abstract

Noise-State Calculus for Dynamic Games with Strategic Information
by
Samuel Babichenko

Dynamic games with dispersed private information look hard, even when linearized,
because each player needs forecasts of others’ forecasts, without end. The regress comes
from a loop. Actions move the state, the state generates observations, observations
update beliefs, and beliefs determine actions. Current approaches become tractable by
cutting the loop. This dissertation builds a noise-state calculus that keeps the loop intact.

Each player keeps estimates of the primitive shocks instead of belief hierarchies about
the endogenous state. Under perfect information, these estimates are the shocks themselves,
and the calculus reduces to ordinary impulse responses. Beliefs, prices, and policy rules
are deterministic impulse responses in continuous-time linear-quadratic-Gaussian games.
Equilibrium is a fixed point in those functions and is solved numerically. A finite-deviation
identity verifies a computed Nash equilibrium against arbitrary admissible deviations.

The information wedge is the shadow price of changing an opponent’s beliefs. It breaks
the separation principle and vanishes when the loop is cut. In a two-player benchmark,
a planner can starve an inefficient player by reallocating signal precision.

Signals and actions may arrive late without changing the calculus. Stationary systems
describe kernels in terms of ages and measure distance from finite-dimensionality. In
Kyle-Back markets, traders differ in signal precision within and across markets and face
trader-specific price impact. On symmetric networks of local markets, shocks average out
but strategic restraint does not, lowering mean orders while nearly invisible in responses
to aggregate shocks. When some can identify deviations and others cannot, naive players
attribute effects to ordinary shocks while privy players respond to labeled deviations. In
computed markets, strategic market makers put more weight on inventory in their quotes

when order flow is public and bear lower real inventory cost, with price discovery unchanged.

vii



Contents

Acknowledgements
Vita

Abstract

Notation
Introduction

1 Baseline Linear-Quadratic-Gaussian Games

1.1 Introduction . . . . . . . . ...
1.1.1 Related literature . . . . . . .. . .. ... . oo

1.2 Bilateral belief manipulation in a two-player game . . . . . . . . .. ...
1.2.1 Primitives and objectives . . . . . . . .. .. oo
1.2.2  Impulse responses and wedges . . . . . . ... ... ... ... ..
1.2.3 The life of a spike deviation . . . . . .. ... ... .. ... ...
1.24 Computation . . . . . . ...
1.2.5  Mean actions, separation failure, and the welfare cost of belief
manipulation . . . ...

1.2.6  Optimal precision allocation . . . . . . . ... ... .. ... ...

1.3 The decentralized LQG game . . . . . . .. ... ... ... ...

vi

vii

xiii



1.3.1 State dynamics and objectives . . . . . . . ...
1.3.2  Information structure . . . . . . .. ...
1.3.3 Nash equilibrium . . . . ... .. ... 00
1.4 General theory . . . . . . . ..
1.4.1 Identical-interest LQG games with control externalities . . . . . .
1.5 Conclusion . . . . . . .. e
Appendices to Chapter 1 . . . . . . . . . . ...
1.LA Filtering . . . . . . . .

1.B  Control stationarity and finite-deviation verification . . . . . . . . . . ..

Delayed Public Signals and Asynchronous Learning

2.1 Delayed observation structure . . . . . . .. ... .. ... ... ...

2.2 Filtering with delayed public signals . . . . . . . ... ... ... ... ..

2.3 Filtering derivation . . . . . .. ..o o

2.4 First variations and delayed-public adjoints . . . . . . . .. .. ... ...
2.4.1 State price, belief prices, and cost variation . . . . . . . . ... ..

2.5 Conclusion . . . . . . .,

Stationary Infinite-Horizon LQG

3.1 Stationary profiles, lag coordinates, and forward filtering . . . . . . . ..
3.2 Current-value adjoints . . . . . .. ... ...
3.3 Transform identities . . . . . . .. ... oL
3.4 Rationality and finite-dimensional state . . . . . . . .. .. .. ... ...
3.5 Conclusion . . . . . . .. L

3.A Computing the stationary equilibrium . . . . . . .. ... ... ... ...

The Information Wedge in a Stationary Kyle—-Back Market
4.1 Introduction . . . . . . . . ...

4.2 The stationary Kyle-Back market . . . . . . . .. ... ... ... ....

X

63
64
67
68
71
76
79

80
81
86
91
92
94
94



4.2.1 Primitive shocks and covariance selectors . . . . . . . . . . . ... 103

4.2.2  Standing assumptions . . . .. ... 104
4.2.3 Discounted objective and finite mispricing . . . . . . . . ... .. 105
4.3 The life of a trader’'sorder . . . . . . .. ... oo 106
4.3.1 Order-flow block and filter kernels . . . . . . . .. ... ... ... 107
4.3.2 From an order to a price move . . . . . ... ... 110
4.3.3 Spike seed measure and immediate response . . . . . .. ... .. 111
4.4 Forward response . . . . ... ..o 112
4.5 Discounted belief prices and mispricing drift . . . . . . . ... ... ... 115
4.6 Moving the spike date . . . . . . ... oo 119
4.7 Stationary best response and equilibrium . . . . ... .00 122
4.8 Numerical solutions . . . . . . . . .. .. L 124
4.8.1 Unbiasedness and the regularized objective . . . . . . . . .. . .. 124
4.8.2 Primitives . . . . . ..o 126
4.8.3 Profit accounts . . . .. ... 126
4.8.4 Symmetric markets . . . . ... 127
4.85 Twoassets . . . . . . L 129
4.8.6 Deviation impact . . . . . ... o 130
4.8.7 Asymmetricnoise . . . . .. ..o 131
4.8.8 The three terms of theorder . . . . . . .. .. ... ... ... .. 133
4.8.9 Numerical identities . . . . . . . . ... Lo 134
4.A Computing the Kyle-Back equilibria . . . . . ... ... ... ... ... 135
Local Strategic Information in Symmetric Network Economies 137
5.1 Local strategic information in a large economy . . . . . . . .. ... ... 137
5.2 From local equilibrium to aggregate behavior . . . . . . .. .. ... ... 139
5.2.1 Thespatial mean . . . . . ... ..o 139
5.2.2 Replication across local economies . . . . . . ... ... ... ... 141

X



5.3 A purchase-order market on thecycle . . . . . .. .. ... ... ... .. 142

5.4 Numerical solutions of the purchase-order market . . . . . ... ... .. 147
5.4.1 Primitives . . . . . . ..o 147
5.4.2  Three information structures . . . . . . . .. ... 147
5.4.3 Mean actions and the strategic shift . . . . .. . .. ... ... 149
5.4.4 TImpulse responses . . . . . . . ..o 151
5.4.5 Computation . . . . .. .. ... 154

5.5 Aggregate interaction and the infinite-network limit . . . . . . .. .. .. 155

5.6 Economic implications and conclusion . . . . . . ... ... ... ... .. 157

5.A Symmetry reduction on a vertex-transitive graph . . . .. .. ... ... 158
5.A.1 Automorphism-invariant games . . . . . . .. ... ... ... .. 158
5.A.2 Relabeling commutes with best response . . . . . . ... .. ... 159
5.A.3 Kernels indexed by relative position . . . . . .. .. ... 160

5.B A finite-cycle market with delayed observation . . . . . . ... ... ... 163

Monitored Deviations: Naive Distortions and Privy Responses 165

6.1 Introduction . . . . . . . ... 165

6.2 DBaseline noise-state setting . . . . . . . .. ... . oo 167

6.3 Deviation origins and monitoring . . . . . . .. ... 168
6.3.1 The monitoring relation . . . . . .. .. .. ... 168
6.3.2 Transitivity . . . . . ... 170

6.4 Naive versus privy coordinates . . . . . . . . . ... ... 171
6.4.1 Naive and privy players . . . . . . ... ... 0oL 172
6.4.2 Blip of irrationality . . . . . . . . .. ..o 173
6.4.3 The monitored game and its equilibrium . . . . . ... ... ... 175

6.5 The seed-dependent system . . . . . .. ... 176
6.5.1 Forward deviation equations . . . . . . ... ... 177
6.5.2 A privy player'sresponse . . . . . . . ... .. 178

xi



6.5.3 Operator form and source . . . . ... ... ... .. ... .. ..
6.5.4 Coefficient blocks . . . . . . . ... oL
6.5.5 The deviating player’s own response and its first-order condition .
6.6 Superposition under perfect monitoring . . . . . . ... .o
6.7 The two corners . . . . . . . . L
6.8 A strategic market maker: transparent and opaque markets . . . . . . . .
6.8.1 Themarket . . . . . .. .. .. .
6.8.2 The transparent market . . . . . . ... ... ... ... ...
6.8.3 The opaque market . . . . . .. ... L
6.8.4 Computation and comparison . . . . . .. .. ... ... ... ..

6.9 Conclusion . . . . . . .

7 Conclusion: The Information Wedge Across Environments
7.1 Directions beyond the dissertation . . . . . . . .. ... ...
7.1.1 Closure . . . . . . . e
7.1.2 Computation and estimation . . . . . . . .. ... ... .. .. ..
713 S0Urces . ...
7.1.4 Networks . . . . . . . .
7.1.5 Markets . . . ..o

7.1.6 Noise traders with momentum . . . . . . . . . . . . ... ... ..

Afterword

A Additional Finite-Horizon Extensions
A.1 Endogenous signal precision . . . . . . .. .. ... L.

A.2 Well-posedness of the deterministic impulse-response fixed point . . . . .

xii

205
206
206
207
208
208
209
209

211



Notation

Times, indices, and conventions

t, s, T

, T
a, b
Xi(u) vs. z(a)

Xt, Xt(u)

Dj, Ditw)

B (t), GXYU(t), o(t)
Xy, Di(u), H(u)

i, j, kel

z(a) vs. Xy(u)

we(w), diy(a)

calendar times

primitive source times

ages; £ the two-sided lag

finite-horizon objects carry calendar time as a subscript and
source time as an argument; stationary objects are functions of
ages or lags

a process and its kernel share a letter: the state, and its response
to the shock born at u

the control and its policy kernel

exogenous coefficients carry time in parentheses

processes, kernels, and equilibrium gains carry it as a subscript
player indices, as superscripts

lowercase letters are the stationary current-value counterparts of
uppercase finite-horizon objects

a subscript W marks a kernel written in primitive-shock coordi-
nates

F, B, ... calligraphic letters are sets, o-fields, and operators; the wedge
V} is the one calligraphic process

Accents

I//I\/, X hats are conditional expectations

X , C tildes are unresolved parts

D, h bars are deterministic means

f checks are transforms

C; Ci(u,r); CZ’Y(u) an observation kernel; a conditional covariance; the unresolved

observation row

xiii



Letters whose meaning is local to a chapter

z a control spike (Chapter 4’s raw order spike is the same object)
or a transform variable, never a time

v = BX(t)z; vi(s) the state impulse a spike induces; a deviation seed (Chapter 6)

8, i 6wl (u) a first variation, one with respect to an origin-i seed; the noise-
state perturbation in density form

A Ay A observation delays; in the appendix to Chapter 1, a finite differ-
ence

¢ the noise-trader variance asymmetry, ¥, = diag(l + (,1 — ()
(Chapter 4)

v, w; T vertices and a group displacement (Chapter 5)

q the number of assets (Chapter 4); the delayed source date g, =
s — Ay (Chapter 2)

(p,q) Laplace variables (Chapter 3); naive and privy indices (Chapter 6)

i>i P, N player j observes deviations whose origin is player ¢; the players

privy and naive to an origin-i deviation (Chapter 6)

The following table collects the objects carried across chapters and marks where each
is developed. Chapter-specific objects, proof-local variables, and one-use abbreviations

are defined in place.
Core finite-horizon objects

Symbol Object Scope
W = primitive Brownian shock path, with common and General
(WO Wt ... W) player-specific coordinates

Z; 4,5,k player set and generic player indices General
Fi, F} primitive and player-i information filtrations General
E? block selector for player i’s noise channel, W = E‘W  General
X, Xi(u) physical state and its primitive response to the shock Ch. 1

born at u

BX(t), BX(t), o(t) drift, control gains, and noise loading of the state, dX; = Ch. 1
(BX(1)Xe + 3 B () Dj)dt + o(t) AWy

Y/, B}?i, Pi(t) player i’s observation process, observation map, and Ch. 1
precision B)?ZTB};’Z
dIf player ¢’s innovation, dY;i — B}ngg dt Ch. 1
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Symbol Object Scope

I//I\/t’(u) noise-state: player ¢’s conditional estimate of W, at Ch. 1
time ¢

I, Fj(u,s) direct projection and filter kernel; together, the Ch. 1
blueprint of player i’s beliefs

)?t’(u) unresolved response: the part of X;(u) that player i’s Ch. 1
information does not resolve

Swk (u) noise-state perturbation in density form, d, (5Wtk(u) = Chs. 1, 2, 4,
Swf (u) du 6

Di, Di(u), D%,V7t(u) control, its policy kernel, and its control kernel in Ch. 1
primitive-shock coordinates

HtX o state price: player ¢’s adjoint to the physical state Ch. 1

Hf’z(u) belief price: player i’s adjoint to player k’s noise-state Ch. 1
coordinate at source time u

Vi information wedge: the price of moving opponents’ Chs. 1, 2, 4,
noise-states, entering the dynamics of the state price 5, 6

Bk BT filter contraction: integrates a belief price against player Chs. 1, 2, 4,
k’s own filter row; and its transpose 6

0 exponential discount rate Chs. 3, 4

Finite-horizon and stationary forms

The stationary chapter changes coordinates rather than economic objects. Calendar dates

become ages or lags, and finite-horizon uppercase objects become lowercase current-value

objects; processes keep their letters:

Finite-horizon form Stationary form Interpretation

Xi(s) z(t —s) = x(a) state-response kernel

Xi(s) Tt — 5) = 7(a) unresolved response

Di(u) di(t —u) = d'(a) noise-state policy kernel

D%,w(s) diy (t — s) = diy(a) control kernel in primitive-
shock coordinates

Fi(u, s) fi(t —u,t —s) = fi(b,a) filter kernel

Wt’(u) I//I\/ti(t —a) noise-state (a process; stays up-
percase)

HY hX" and KX (0) mean and two-sided state price

H (w) hEi(b) and hFi(b, 0) belief price

\Z v* and v'(£) information wedge
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Glossary

Term Meaning Where

noise-state a player’s conditional estimate of the primitive shock path, Introduction;
W(u) = E[W, | Fi]; the coordinates in which strategies, Thm. 1.5
filters, and prices are written

blueprint the pair (IT%, F'*) of direct projection and filter kernel, the Thm. 1.5
deterministic map from primitive shocks to a player’s
estimated shocks

unresolved response the part )Z'Z(u) of the state’s impulse response that a player’s Sec. 1.3.2
information has not resolved; the filtering gain

loop, chord the state—observation—belief—action feedback cycle, and the Introduction,
direct edge by which an action enters what others observe Fig. 1
without passing through the state

spike a marginal control impulse z d;; the deviation whose first Sec. 1.2.3;
variation gives the first-order conditions (Chapter 4’s raw Sec. 4.2
order spike is the same object)

belief price Hf’i(u), the marginal cost to player i of moving player k’s Thm. 1.8
estimate of the shock born at u

information wedge V}, the adjoint price of moving opponents’ noise-states; the Thm. 1.8
only term through which belief manipulation enters the
state-price equation

birth the entry of a new source coordinate into a filter or adjoint at Thm. 1.5;
the current date (diagonal birth); a delayed public signal adds Chapter 2
a second birth when its news arrives, at u =t — A;

disclosure window  the interval between a private action and the public arrival of Chapter 2,
the news that explains it Fig. 2.1

early peak the peak in the stationary state price of a signal-noise shock a Sec. 3.2
short lag after it arrives; a noise shock harms only through the
responses it triggers, and no player has responded yet when it
arrives

seed the displacement a spike leaves in observers’ filters, an Sec. 4.3; Def. 6.1

execution, position

book gap
monitoring relation

privy, naive

blip of irrationality

transparent, opaque
market

old-history density plus a birth atom; in Chapter 6, the labeled
state impulse a monitored deviation creates

the two parts of trading profit: execution is earned at the fill,
the gap between the new quote and the price paid; position is
earned afterwards on shares already held; their sum, the
price-profit rate, is zero-sum across the market

E[Qi(V; — P;)], the average undervaluation of the shares held;
a level, not a flow

j > i: player j observes player i’s deviations and knows they
are player i’s; reflexive and transitive

a player who sees a deviation, knows who made it, and
responds to it; one who does not and treats its effect as more
primitive shock

a single forced departure after which the deviating player
resumes equilibrium play; pins down what it does after the
blip, which is what privy players respond to

the market with and without published order flow, in which
the trader is privy or naive to quote deviations
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Introduction

This dissertation develops a calculus for the dynamics of strategic information flow.

No one knows much. In life, we only see a corner of the world, and we see beyond it
by watching what others say or do. With each of us knowing so little, it is surprising that
an economy can function at all.

No one person knows everything needed to make a pencil, yet pencils manage to exist,
costing almost nothing. Leonard Read’s essay “I, Pencil” [98] traced the paths of cedar,
graphite, lacquer, and rubber across the world to loggers, miners, and chemists who know
nothing of each other’s work. Why would any of these strangers bother? How would any
of them know what to make, and how much?

Adam Smith answered the first question with decentralized exchange: people pursuing
their own interests could coordinate without anyone directing the whole [107], with
competition keeping anyone from steering it. In competitive markets where many people
can offer the same thing, no one has much power over the price, and excess profits are
competed away. Prices emerged from the exchange itself, set by no one.

Friedrich Hayek, writing “The Use of Knowledge in Society” at the end of the socialist
calculation debate, answered the second [53]. The debate asked whether a planning board
could replicate market outcomes by solving the economy’s equations, and Hayek switched
perspectives: the relevant knowledge, of the particular circumstances of time and place,
exists only in dispersed fragments in countless minds, and no board could collect it. Prices,

for Hayek, were a telecommunications system. The logger never sees beyond their own



corner; the prices that reach them carry what the rest of the world needs them to know.

Prices may be useful for communication, but they must come from somewhere.
Consider buying a car from a used-car salesman. The seller knows more about the car
than you do [2]. But why should their knowing more cost you anything? You pay what
you believe the car is worth, but the seller shapes what you learn. The same problem
appears whenever actions both do things and signal, and formalizing that is hard.

The first obstacle was defining equilibrium under private information at all, which
Harsanyi solved through priors over player types [52]. Muth proposed players hold rational
expectations consistent with the beliefs the model implies [87]. In macroeconomics, the
reasons to do so became visible in the Phillips curve. Inflation and unemployment had
been stably related [96] for long enough that the relationship was treated as a policy
lever [102], and that relationship changed once it was used. Lucas explained the change
using Phelps’s economy of islands [77, 95]. Isolated on each island, producers could
not tell a general price rise due to inflation apart from a real movement in their own
market and had to respond the same way to both, producing the correlation. Once
the government began using inflation to manage unemployment, however, a price rise
said less about conditions on the producer’s island and more about government policy.
Producers therefore no longer responded to price increases in the same way, and at the
macro scale that showed up as a shift in the Phillips curve.

The idea rebuilt the field. Following Lucas’s critique [79], relationships in economic
data were no longer treated as potential levers to pull or equations to solve, but as features
a model had to derive. Unfortunately, at the time, the lesson was applied mainly to the gov-
ernment, the one actor considered large enough for the effect to matter. In Lucas’s models,
private agents remained price takers whose actions move nothing observed by others.

A few years later, Grossman and Stiglitz carried Lucas’s signal-extraction logic into
asset markets and asked if prices could reveal everything traders know [47]. They cannot.

If the price revealed everything, then gathering information would earn nothing, so nobody



would pay to gather it. The invisible hand of the market could never reveal everything
traders know.

Townsend later studied firms watching prices that reflect other firms’ actions [109].
Actions came from beliefs, so each firm had to predict what other firms believed. Those
firms did the same, so to determine their actions, those beliefs in turn had to include beliefs
about others’ beliefs, and so on. To get a solvable model, Townsend assumed that all private
information is revealed after a fixed number of periods, capping the chain at a fixed length.

Keynes mentioned the same recursion decades earlier in The General Theory through
his “beauty contest” analogy [66]. Readers of a newspaper entered a contest to choose the
six prettiest faces out of a hundred, but prettiest was decided by the entries of the readers.
Winning meant anticipating not which faces were prettiest, but which faces everyone else
expected everyone else to choose, with nothing grounding those choices in the quality of
the faces themselves. Beauty contests today describe stock markets ignoring fundamentals.

The closest the literature came to a full formal model of strategic information flow was
the Kyle line of models, which began in finance in the mid-1980s. Kyle modeled an insider
who learned something about a stock’s future value and a market maker who sets the price
after seeing only order flow muddied by uninformed participants [71]. Every trade the
insider makes moves the price and shows the market maker part of what they know. Like
the islanders, the market maker cannot tell the two sources apart, so the insider stays under
the radar by trading slowly, and the information only enters the price over time. Kyle kept
the core of the problem, but in a special case where it could all be solved, with one insider,
informed once at the start of trading, and a competitive market maker whose belief is public
through the price. When the finance community saw the whole problem in a solvable model,
it pounced, and a generation of extensions followed [11, 13, 38, 56]. Extensions with several
informed traders stayed solvable only under heavy symmetry, with every trader drawing a
signal from the same distribution [23]. The tractable territory was treated as exhausted.

Over time, interest spilled into nearby approaches: mean-field limits, global games



observations

actions

direct channel

beliefs
Figure 1: The feedback loop of dispersed information.

and beauty contests, information design. After a generation, students learn dispersed
information through these ideas. Global games, for example, introduce private noise to
select among equilibria; the same device has come to serve as a model of what dispersed
private information does [5].

In the problems studied here, actions move the state of the system, the state generates
observations, observations update beliefs. Beliefs complete the cycle by determining the
actions that started it. A loop (Figure 1). There is also a chord, where an action can set
what others observe directly. Every tractable approach beyond the Kyle line severs it
somewhere, so a modeler’s options can be organized by the cut each makes. The cuts fall
on the privacy of beliefs, on what actions can teach, on the weight of one player, on the
flow from observations to beliefs, or on time itself.

One option is to make private information public before the loop can keep running
in private. Townsend reveals it after a finite number of periods, capping the hierarchy.
Common-information methods do this with more finesse, pooling part of each player’s
history into a shared record and often restricting beliefs to that shared information, so
the loop never completes a lap in private [89, 92]. Hambly et al. [49], for instance, make
actions completely observable and restrict to linear strategies, so that each action reveals
the beliefs behind it and past beliefs become common knowledge after a single step.

One option is to fix the information structure independently of play, as in Bayes corre-
lated equilibrium [18], where actions respond to signals, but actions cannot change what
other players learn. Another option is to take a mean-field limit [58, 73], so an individual

player is too small to move the others’ states. Another option is to keep the network but

4



remove the private-learning problem, cutting the flow from observations to beliefs [46].

Signaling and cheap talk are mostly studied in static settings, so the loop runs once
(33, 108]. In cheap talk the message changes what others observe, not the state, keeping
the chord and nothing else. In reputation models actions are public, so beliefs about
the long-run player are common [69]. In sequential social learning each agent acts once,
so nothing others learn ever flows back [15, 21]. Beauty-contest models keep Keynes’s
recursion, but usually for one round and with the information structure fixed, so the loop
runs once [5, 86]. Even information design, the subfield whose subject is what agents
are allowed to observe, is studied mostly in static settings, so the loop runs once.

The two nearest neighbors sever the loop at its subtlest points. The frequency-domain
solutions of the forecasting-the-forecasts literature [60, 64, 101] carry the belief hierarchy
exactly, but only in stationary equilibria among negligible agents, so no individual action
moves any signal and the edges out of actions are cut at the individual level. The insider-
trading literature built on enlargement of filtrations [24, 29] keeps the chord and extends the
Kyle line, but still for a single insider facing a market maker whose belief is public through
the price, so the beliefs node carries no private tower. Expanding a filtration with an
entire process, a dynamic endowment, is already hard on the purely probabilistic side [65].

Some tools must be taken out of their domain. Mean-field game theory, for instance,
was built for a large anonymous population. However, the same limit has become a
dominant way of handling dispersed information [4, 5, 76]. There a method designed for
agents whose individual actions move nothing others observe gets applied to questions
about what agents learn from one another.

Each approach removes a defining feature of dispersed information, restricting not
just the questions that can be answered but the phenomena the model can produce.
Approaches searching for tractability are often tempted by an elegant property of
linear-quadratic-Gaussian (LQG) control known as the separation principle. A single

controller can treat learning about the world and choosing its actions separately. When



others are listening in on their behavior, actions become signals, and Townsend’s
hierarchy applies. Separation fails unless something else is imposed.

Ask any model that claims to study the interaction between information flow and
strategic incentives whether its results deliver a separation principle: whether, in the end,
information and incentives can be treated separately. If so, the interaction it set out to
study is absent, akin to a method that lets people study correlations between variables only
when those correlations are zero. Cutting the loop often makes separation close to an as-
sumption. If separation arises because information has been prevented from responding to
incentives, then the model has achieved tractability by removing the mechanism of interest.

A journal cannot keep publishing papers that stop at saying the problem is hard.
Individual papers are usually explicit about the assumptions they make, but what
compounds are the results existing tools could reach. An outside modeler sees decades
of work on private information, learning, signaling, prices, and strategic interaction, and
naturally assumes that the underlying decentralized problem has already been studied,
that what remains consists of technical refinements for specialists. They mistake the
field’s principal results for the limits of what decentralized information can explain, but
what looks like an economically exhausted subject might instead be a subject whose most
expressive models have remained out of reach.

This dissertation is my attempt to allow the field to build the models it set out to
build. T hope that the stories told through Hayek’s “The Use of Knowledge in Society”
and Leonard Read’s “I, Pencil” can be put to paper more fully, and that I can someday
enjoy reading the papers of a field that has kept its heart.

At a linear equilibrium, states, signals, and actions are linear functions of Gaussian
shocks. Estimating an unknown then becomes a form of linear regression. The coefficients
and the residual uncertainty depend on which sources a player watches, never on what
those sources happened to say, so precision is common knowledge while estimates are not.

Linearity also lets each player subtract the effect of their own actions from what they



observe, so a player cannot manipulate themselves, only others. These two properties
are both the sources of noise-state tractability and the limitations to what it can model.
Economists already linearize to get tractable approximations to realistic models, but
this had not been enough to handle decentralized information.

Art Moore, my linear algebra professor in community college who inspired me to do
this PhD, once explained the difference between ordinary and partial differential equations
by saying that PDEs are so much harder to analyze because they can describe so much
more. A language capable of describing complex phenomena necessarily carries some
of that complexity in its own structure. My ambition for the dissertation’s central device,
the noise-state, is to give economists a tractable way to write down that complexity.
The resulting mathematics may be complex, but it is the simplest machinery I know

that keeps the loop intact.

The noise-state

The noise-state is a recursive state for dynamic games with dispersed information. A
player’s noise-state represents what that player believes about the underlying sources of un-
certainty. To reason about other players, one also tracks how their beliefs about those same
sources evolve; by necessity, those beliefs are themselves functions of the underlying sources
of uncertainty. In the linear-quadratic-Gaussian case, the relevant updates become deter-
ministic kernels, so equilibrium can be characterized as a fixed point and solved numerically.

Let W = (WO W' ... ,W") be the primitive Brownian motion driving the state and
the observation noises. Each player observes only their own signal, specified in each

chapter; write F; for everything player 7 knows when choosing at time ¢. Define

This is the player’s estimate, at time ¢, of the primitive shock path that has already
7



occurred.

Any process can be made Markov by declaring its whole history to be the state. What is
needed is a Markov form that is stable under conditioning and best response. Say a process
is linear if at each time it is a deterministic mean plus a deterministic impulse response ker-
nel integrated against the primitive shocks, L; = L(¢)+ [y L(t, s) dW,. The shocks’ path is a
sufficient statistic for every linear process at once, however path-dependent. The primitive
shocks, not the endogenous state, are the natural coordinates. Under perfect information
every player reads these coordinates directly, and the kernels are the model’s ordinary
impulse responses. Since each player observes those shocks through their own signals, the
relevant statistic is the player’s belief about them: the noise-state. It changes what a belief
is a belief about. Unlike higher-order beliefs about endogenous states that are hard to close
and unnatural to approximate, beliefs about primitive shocks are neither. By linearity
everything can be written in terms of primitive shocks, including beliefs about them.

Common-information methods, introduced above, remove the tower the other way,
by anchoring beliefs in information all players share. The loop can still survive, but the
method buys tractability when what remains private is limited, usually alongside cuts
made elsewhere. When most of the problem can be described through a shared state, the
crux of the problem is not really in decentralization. Here signals are mostly private, so
the shared state carries little. Each player instead builds coordinates inside their own
filtration over the same primitive shocks.

Filtering reduces to a single deterministic object: the map from the primitive white

noise dW to the player’s estimated white noise dw'. Explicitly,
— . . t
4, W,i(u) =TT dW, + ( / Fi(u, ) dWS> du,
0

a singular part II' dWW, plus a continuous density part with deterministic kernel F,

forming a blueprint for all the player’s beliefs. Here d,, is an increment in the path index



u, rather than in the time of beliefs £. Conditional on the player’s information, the shocks
are Gaussian, with the noise-state providing the conditional mean and the blueprint
determining the covariance.

The conditional expectation of a linear process is easy to represent. Write fji for E[L; |
Fi]. Conditioning changes the integrator and nothing else, Li = L(t) + [ L(t, u) d, W, (u),
the same mean and the same kernel now run against the noise-state. In primitive

coordinates the kernel becomes
~. . t .
Li(t, s) = L(t, $)IT + / L(t,u) Fi(u, 5) du,
0

mixing the primitive shocks, and discretizing turns that composition into matrix multipli-
cation. Taking an expectation of an expectation is no harder than an expectation of any
other linear process, so the tower closes.

The unrestricted best response to a noise-state linear strategy is noise-state linear. A
noise-state linear strategy is a linear process in the player’s noise-state rather than in the
primitive shocks,

. _ . t . .
Di=Di+ /0 Di(u) diW, (w).

The equilibrium problem becomes a deterministic fixed point in kernels.

The physical state and the players’ noise-states can be read as one enlarged state of
the system, (X, Wl, ceey W”) Standard optimal control already prices movements of the
physical state through a running shadow price, while the noise-state formulation adds a
shadow price for moving another player’s noise-state, which I call the information wedge.
It prices information externalities in both noncooperative and cooperative settings, such
as in a team where a teammate acts to show the rest what they know. Every manipulation
channel passes through it. It breaks separation, and vanishes whenever the loop is cut.

Stochastic games are typically posed as forward-backward systems whose backward

equation includes a martingale-representation term. The conditional expectations and



the shadow prices separate here because the forward equations, including those for the
noise-state, are stochastic while the backward equations for the adjoints are deterministic
ordinary differential equations.

Rational-expectations models describe today’s behavior and ask what happens to the
propagation of shocks as policy rules change. Policy changes still require recomputing the
equilibrium, in the Lucas sense, but the kernels being recomputed are already indexed by
the primitive shocks. A researcher can take an existing model with perfect information,
specify who sees what, and solve again in the same coordinates to see how impulse
responses and means change.

The accompanying Python package, pypi.org/project/noisestate, implements

this workflow for supported finite-horizon and stationary LQG games.

Chapter roadmap

Baseline. Chapter 1, which closely follows the preprint [10], builds the calculus in the
finite-horizon LQG game. It develops the noise-state linear class, proves that filtering
and best responses stay inside the class, and derives the adjoint system in which the
information wedge prices what an action teaches the other players. A finite-deviation
identity then verifies a computed equilibrium against every admissible deviation, including
those outside the linear class. The deliberately small two-player example separates the
statistical value of information from its strategic value and shows how a planner can
deliberately starve an inefficient player by how it allocates signal precision. An identical-
interest variant closes the chapter. Interactive versions of the dissertation’s computations
are collected at sbabichenko.com /noisestate.

Delay. Chapter 2 lets news arrive late. Players may hear the same news after different
delays, and what a player does can show up in a signal directly as well as through the

state. Until the news arrives, a player can move what others believe; once it arrives, it
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explains the movement away, as when an insider’s trade is disclosed weeks after it moved
the market. Delays usually make filtering messy, but here the delay adds terms to the
same equations rather than requiring a different method.

Stationarity. Chapter 3 rewrites the baseline equations for a game that has run long
enough to become stationary, so objects of the calculus become functions of ages rather
than dates. The stationary formulation is also the easiest to compute. It lets us measure
how closely a finite-dimensional system can approximate the equilibrium. It is a natural
initial condition for studying a change of regime, and the setting of Chapter 4.

Trading. Chapter 4 applies the stationary equations to Kyle-Back trading on an
infinite horizon. The chord ran through the earlier chapters without being leaned on; here
it is the object of study, because order flow is both an action and a signal, so a marginal
order moves the current price and changes future filtering by the market maker and the
other informed traders. Each trader knows its own order and interprets the remaining
flow differently, so the rivals’ responses make dynamic price impact trader-specific. In
the computations, they can reverse a price move the market maker alone would leave
permanent. This chapter keeps Kyle’s market, with several traders of heterogeneous signal
quality and continuous signals. A specialist may trade first in a correlated market with
more noise-trader flow.

Aggregation. Chapter 5 turns to economies made of many small local markets,
each with only a few players: a regional credit market with a handful of lenders. Each
player is negligible nationally but consequential locally, so the local game keeps the wedge
while the economy stays large. Graph symmetry then collapses the player labels: policy,
filtering, and belief-price kernels depend only on relative position, and equilibrium is
solved once per position rather than once per player. The idiosyncratic shocks average
out across markets but the incentives do not. In the cycle economy every firm holds
back its order because its supplier reads demand off it, and the aggregate mean order

sits below its perfect-information level. The results are for finite networks, with the
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infinite-network limit stated as a conjecture.

Monitoring. Chapter 6 makes the chord player-dependent. A deviation may be
monitored by some players and not others. A privy player sees the deviation labeled with
who made it and does not filter it, while a naive player keeps filtering it as primitive shock.
The feedback splits into a naive channel, which is the wedge, and a privy channel, in which
the privy player responds to the deviation directly, and the adjoint becomes a rectangular
gain between responder—origin pairs. The monitoring relation runs from the setting of
Chapter 1, where no deviation is ever observed, to the classical closed-loop games in which
every deviation is; both endpoints are recovered exactly (Proposition 6.13). Its worked
example computes the same market under both relations: once the order flow is published
the market maker puts more weight on inventory in its quote, because a trader who sees

the flow can be steered, and most of transparency’s gain is real inventory efficiency.
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Chapter 1

Baseline Linear-Quadratic-Gaussian

Games

One player’s action changes what the others learn, their response feeds back into the state,
and the first player must price it. The noise-state represents each player’s beliefs about the
shocks that generate histories, so higher-order beliefs are generated by composition rather
than tracked as separate state variables. In continuous-time LQG, beliefs, prices, and
policy kernels are deterministic impulse-response kernels, and equilibrium is a deterministic
fixed point in those functions. The adjoint system contains a shadow price of changing
opponents’ posteriors, the information wedge; in a two-player benchmark it separates the
statistical and strategic value of information and turns signal allocation into an instrument

for controlling inefficient effort.

1.1 Introduction

Dynamic games with dispersed private information pervade economics. Firms infer
competitors’ pricing from market outcomes, traders learn from the order flow their

own trades generate, central banks know their announcements reshape private agents’
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signals. In each setting, actions feed back into the information environment that agents
optimize against, generating an infinite hierarchy of beliefs. Townsend [109] identified
that hierarchy, and Sargent [104] computed equilibria in linear-Gaussian environments by
positing low-dimensional ARMA laws rather than deriving them.

Beliefs here are beliefs about the underlying sources of randomness rather than
hierarchies of beliefs about the endogenous state. A researcher who specifies payoffs, a
state equation, and a signal structure gets back equilibrium impulse-response functions;
the representation handles the belief hierarchy internally.

Call this representation the noise-state.

In a game of poker, the common approach describes each player’s beliefs about
opponents’ hands, their beliefs about opponents’ beliefs, and so on. The noise-state
approach instead tracks each player’s belief about the underlying source of randomness
(here, the order the cards were shuffled) and how that belief depends on the truth;
higher-order beliefs follow by composing these dependencies. The two representations are
equivalent, but approximating a composition of deterministic dependencies is natural,
whereas truncating a belief hierarchy is not.

A deviation enters both the physical state and opponents’ noise-state coordinates. The
Markov state consists of the physical state, the players’ noise-states, and, when needed,
the blueprints that translate histories into beliefs.

The construction extends beyond the LQG setting studied here, but the LQG bench-
mark is the clean case in which it becomes explicitly solvable, since the kernel form
relies on conditional Gaussian filtering. It is also the base case for a broader noise-state
program in conditional-Gaussian linear economies, including strategic trading, CARA
risk aversion, and replicated finite symmetric networks in which local strategic feedback
can affect aggregate response coefficients.

Characterizing equilibrium produces a shadow price of manipulation, the information

wedge V. Every effect of belief manipulation enters the dynamics of the state price
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(Theorem 1.8) through that single term. In the two-player benchmark, the wedge explains
why most gains from pooling information are strategic rather than purely statistical, and
why optimal precision allocation can generate information starvation by concentrating
signals on the player who moves the state more cheaply, leaving the other player with
none. Changing signal precision changes equilibrium policy rules, not only posterior
variances, so separation fails. As a diagnostic, Corollary 1.9 shows the wedge vanishes
when observation laws are fixed, recovering the standard fixed-information LQG optimality
system. Section 1.2 works these economic consequences out in a two-player game, and
Section 1.4 builds the general theory. Proposition 1.12 gives a unique unilateral best
response for every finite horizon. On short horizons, Theorem A.7 gives a unique
equilibrium on a strategy ball, with geometric Picard convergence. For an arbitrary
horizon, existence and uniqueness on a strategy ball hold under a weighted monotonicity

condition (Theorem A.9) that Corollary A.11 can certify numerically.

1.1.1 Related literature

The noise-state formulation contributes to the rational-expectations literature on higher-
order beliefs and dispersed information. Townsend’s “forecasting the forecasts of others”
problem and Sargent’s signal-extraction examples raise the possibility that private in-
formation destroys finite-dimensional recursion even in linear environments [104, 109],
though in Townsend’s own model the regress collapses [94]. Existing approaches recover
tractability by making signals exogenous to the best-response problem, making individual
actions negligible, using public histories, or truncating the hierarchy. Here the private
filters of finitely many players are endogenous, and beliefs about primitive shocks represent
the hierarchy.

The analysis also relates to the social value of information and imperfect common
knowledge. In Morris—Shin, Angeletos—Pavan, Woodford, and related work, signal struc-

tures affect behavior but are fixed when agents optimize [5, 6, 19, 76, 86, 118]. Here,
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endogenous belief prices add a strategic component to the social value of information
absent under fixed signal laws.

Frequency-domain and finite-state methods exploit signal laws fixed in the best-
response problem [51, 60, 64, 101]. Here, a deviation changes the state process opponents
observe, so filters are part of the equilibrium response. In the LQG benchmark, the
noise-state turns this joint filtering/control problem into a deterministic fixed point in
impulse-response maps. Finite-order truncations approximate the hierarchy directly;
noise-states generate higher-order beliefs by composing primitive-shock projections [90].

The noise-state formulation connects to decentralized stochastic control, LQG team
theory, and common-information methods. Classical team results give linearity under
fixed information structures, while common-information methods condition on a shared
information base [82, 89, 97]. The noise-state approach instead keeps private filters player-
specific and endogenous. Their strategic externality appears as the information wedge.

Mean-field LQG games buy tractability by making individual actions informationally
negligible [26, 27, 58, 73]. This is appropriate for aggregate modes and removes local
informational channels; the wedge is the finite-player object that disappears.

The precision-allocation exercise relates to information design and rational inattention
[18, 63, 106, 114], but it does not solve for optimal attention or disclosure. It gives the
equilibrium map from a fixed signal technology to behavior and welfare when precision
changes policy rules through the wedge.

A recent control-theoretic literature studies belief manipulation directly. Vasal and
Anastasopoulos [112] construct signaling equilibria for dynamic LQG games with asym-
metric information through a sequential-decomposition backward recursion. The present
chapter differs in carrying the manipulation price as an explicit adjoint kernel rather
than encoding it in a fixed-point over prescription maps. An adversarial line [67, 119]
models active deception against a fixed sequential hypothesis test, so the beliefs in play

are prescribed mechanisms rather than equilibrium objects. In this chapter, each player’s
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filter is the Bayes-consistent estimate given equilibrium play, manipulation operates only

through the signal channel, and its price is the wedge.

1.2 Bilateral belief manipulation in a two-player game

A two-player tracking game isolates the local feedback channel (Figure 1.1). Every figure
in this section, and the solver behind it, runs in the browser at sbabichenko.com /noisestate

with adjustable parameters.

1.2.1 Primitives and objectives

Fix a horizon [0,7T] and a filtered probability space (€2, F,F,P) supporting a standard
three-dimensional Brownian motion W = (W° W' W?), where F = (F})icor) is the
completed, right-continuous natural filtration of W. The state X = (X;)ico,r) is the

real-valued, {F;}-adapted process satisfying
dX, = (D} + D) dt + o dW?,  Xo =, (1.2.1)

where o > 0 is the fundamental volatility. Player i € {1,2} does not observe X directly;

instead they observe the private diffusion channel
dY,' = \/p1 X; dt + dW}, dY}? = /ps X; dt + dW}. (1.2.2)

The numbers p; are signal precisions. Player ¢ chooses D' using only their private obser-
vation history. Formally, F? = (ff)te[o,T} is the completed, right-continuous augmentation
of o(Y?: 0 < s <t), and an admissible control D’ is F’-progressively measurable and
square-integrable, E fOT (D})? dt < co. The two controls are adapted to different filtrations,

D' to {F!} and D? to {F?}, and in general neither filtration contains the other.
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Primitive shocks
WO (fundamental), W W? (signal noise)

Private signal Y,! State / fundamental Private signal Y;?
(precision py) X, (precision ps)

Filter / belief _ Actions Filter / belief
Wi () D; = Dj + Jy Di(u) d.W{(u) ()

Figure 1.1: Information-to-action feedback in the worked example.

Running costs are symmetric tracking losses with quadratic effort penalty » > 0:

J%[ﬂ;D2):JQAT<(Xf—D2+r(Dbz>dL J%[ﬂ;Dl)zdgéT(LXf+U2+r(Dﬂ2)dt
(1.2.3)

Player 1 wants the state near +1; player 2 wants it near —1.
Each player minimizes its own cost, taking the opponent’s strategy as given. A pair
(D™, D**) of admissible strategies is a Nash equilibrium if J*(D'*; D*) < J'(D'; D**) for
every admissible D', and symmetrically for player 2. Section 1.3.3 restates the definition

for the n-player game.

1.2.2 Impulse responses and wedges

Equilibrium controls belong to the noise-state linear class (Definition 1.4) and can be
written in two equivalent impulse-response coordinates, with the noise-state defined on
the middle line: .

D= Di+ [ Ditw d.W(w).

Wiu) == E[W, | F], (1.2.4)

M:M+KD%MMW
The first line is the strategy as the player implements it: a deterministic mean plus a
reading of the noise-state. The third line is the same control composed with the player’s
filter and written directly over the primitive shocks. D:(u), the policy kernel, weights

what the player has estimated and is measurable to the player, while D%Mt(u) describes
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how the choice loads on the truth and involves every player’s filter.

Proposition 1.1 (Best responses and equilibrium in the two-player game). For every
finite horizon and every fized linear strateqy of the opponent, each player has a unique
best response over the full admissible class, and that response is noise-state linear. There
is T > 0 such that for T < T* the game admits a noise-state linear equilibrium, unique
in the strategy ball ]B%?F/IO of Theorem A.7, Picard iteration converges to it geometrically,
and the equilibrium is Nash over the full admissible class. For an arbitrary horizon,
any strateqy ball satisfying the weighted monotonicity and residual-radius conditions of
Theorem A.9 contains a unique fized point, and that fixed point is a Nash equilibrium

over the full admissible class.

Proof. The coefficients are constant and bounded and the effort weights satisfy r > 0,
so Assumption A.1 (the boundedness and ellipticity conditions of Appendix A.2) holds.

Apply Proposition 1.12, Theorem A.7, and Theorem A.9 with n =2 and d = 1. O]

1.2.3 The life of a spike deviation

A spike by one player propagates through the loop of Figure 1.1. Player 1 adds an impulse
z 0; to its control. The state shifts by z and stays shifted. Player 2’s innovation carries the
part of the shift player 2 has not yet learned, ,/ps (6.X, — 55(\3) dr, and each coordinate
of its noise-state moves through the unresolved response, X 2 the share of the shock’s

effect player 2 has not yet resolved,
, dw(u) = py X2(u) (5XT - 55(?), 6X2 = /T X, (s) 6w?(s) ds,
0

with the coordinate born at 7 equal to /ps (6 X, — 5)?2) Player 2’s control moves with
its coordinates and the state with the control. Player 2’s target is —1, so the response

opposes the shift.

19



Player 1 pays for the shift and for the response. The shift is priced at the running
cost. The response is priced through player 2’s noise-state, one coordinate at a time:
H? 1(u) of (1.4.8), the belief price, is the marginal cost to player 1 of having moved player

2’s estimate of the shock at u. Setting the variation to zero for every F}-measurable z,

2r D} = —E[/tT(z(XT—l)Jer)dT

P, VieVmEHE ()4 [ X2 HE ) dr,
(1.2.5)
which is (1.4.7) integrated, with the wedge (1.4.9) at the example’s coefficients. Without
player 2 only the first term remains. The second is the change in player 2’s beliefs times
their price. Theorem 1.8 is the same calculation for n players, a vector state, and a general
observation map.
Player 2 sees the state only through its signal, so it cannot tell a unit spike by player
1 from a fundamental shock dW? of size 1/0. At o = 1, player 2’s curves in Figure 1.2
therefore show how player 2 responds to a unit spike by player 1. The left panel traces a
single state shock through the actual state and through each player’s posterior estimate
of it: the Markov state of the game, the physical state together with every player’s
noise-state (Section 1.3). The shock moves the state. Each player’s estimate catches up
at a speed set by its signal precision. The right panel traces the same shock through
the players’ actions. Each player responds to the shock through what it has learned, the
better-informed player earlier and more strongly. Both control responses die out at the
horizon, when nothing remains to be gained from moving the state. These plots can be

redrawn at any parameters in the browser version.

1.2.4 Computation

The unknowns of the fixed point are the kernels D!(u), X;(u), and F}(u, s); the adjoint
equations (1.4.7)—(1.4.8) are solved for these kernels rather than for a value function on

X, because each player’s response depends on every opponent’s filter. Equilibrium is
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Source-W' responses for p; =3, p, =10
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Figure 1.2: Impulse responses to the first state shock dW{ with p; = 3, p, = 10, and
ry = ro = 0.1. Left: state and posterior-estimate responses. Right: primitive-control
responses Dy, (0) and Dgy,(0).

computed as a fixed point of the simultaneous best-response map on the deterministic
causal policy kernels, discretized on a uniform grid of N = 40 points; no Monte Carlo
simulation is used. Starting from zero policy kernels, each outer iteration first solves the
forward state—filter system generated by the current profile, then solves both players’
backward physical and belief-price equations, and finally applies the first-order conditions
to obtain a new pair of policy kernels. Both new kernels come from the same old profile,
so the update is simultaneous rather than alternating.

Write G(D) for this discretized best-response map and D = (D', D?). Convergence
is measured by the normalized Frobenius residual over every time pair on the discrete

causal triangle and every primitive-shock coordinate,

iy GO~ D|s
resid(D) = (L [GD)[)

The first update is a relaxed Picard step with relaxation parameter 0.15; subsequent
updates use depth-five Anderson acceleration with mixing parameter 0.6. The algorithm
stops when the residual falls below 107°. Within each outer iteration, the coupled forward
state—filter calculation uses two relaxed updates of the state impulse response and six

filter sub-iterations. After the policy kernels converge, a separate relaxed fixed-point
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iteration, initialized at zero and solved to tolerance 10710, gives the deterministic mean
controls and mean state. Parameter sweeps may be warm-started from the equilibrium at
a neighboring parameter value.

Unless otherwise stated, T'=1, xy = 0, » = 0.1, ¢ = 1, and there is no terminal cost. In
an optimized native C++ build with OpenMP, the symmetric benchmark (pq, p2) = (3, 3)
at N = 40 converges in 42 outer iterations and takes about 0.03 seconds; at N = 160 the
same benchmark takes about 1.4 seconds.

The scheme is first order in the grid spacing. On the symmetric benchmark with
targets (1,—1), player 1’s cost is 4.219, 4.160, and 4.131 at N = 40, 80, and 160, an
observed order of 1.06; the policy kernels converge at the same rate. A single N = 40 run
is therefore accurate to about 3 percent on costs and mean actions, and considerably worse
on quantities small early in the horizon, such as the posterior estimates just after a shock
and the information wedges. All figures and reported values below are Richardson extrapo-
lations from two nested grids, 2 fi57 — fr9, which agree with the extrapolation from N = 40
and N =79 to within 0.3 percent except at the first two grid points of the wedge curves.

The solvers and figures of this section are the work of Claude Fable 5, a large language
model built by Anthropic [7], working under the author’s direction. The interactive

version at sbabichenko.com/noisestate runs the same solver.

1.2.5 Mean actions, separation failure, and the welfare cost of

belief manipulation

Since the stochastic integral in the first line of (1.2.4) has zero unconditional mean,
E[Di] = D! isolates the deterministic tug-of-war over the target 41, while the response

term captures impulse responses to posterior shocks.

Separation failure. Under perfect information, the mean policy is independent of

signal precision. Decentralized information breaks this. Changing signal precision changes
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how much of each shock remains unresolved for the opponent, which changes the belief
price, so the policy rule moves independently of the state estimate (Remark 1.13). The
mechanism is the information wedge.

Figure 1.3 plots the resulting failure. The equilibrium mean control path Dtl shifts with
the signal precision p, and the partial-information paths lie between two limits independent
of p. With no information the players cannot see each other and the mean paths are the
open-loop Nash equilibrium of the deterministic game, D} = (T — t)/r. With perfect
information they are its closed-loop Nash equilibrium, in which each player’s feedback on
the state is priced by the other. As p rises the mean control moves monotonically from
the first to the second, and at p = 103 it is still ten percent above the closed-loop path,
and at p = 10* seven percent. Under a separation principle the colored paths would sit
on the closed-loop line at every precision. With p; = po, opposite targets, and zy = 0, the
two mean controls cancel and X; = 0 at every precision. The movement in Figure 1.3 is
effort spent holding a path that does not change. It vanishes in models where information
and incentives can be treated separately. Because the shift is in the mean D} rather than
in the zero-mean response term, it does not cancel when many independent copies of the

market are averaged; Chapter 5 works this out.

Information pooling as a corrective intervention. Figure 1.4 compares private
signals with a pooled signal of precision p; + p, under opposing targets (£1) and (£5) and
a common target (0). At (+1) and (0) pooling is Pareto-improving at every ps, and the
gain is an order of magnitude larger under competition. Since the target change affects
only the deterministic mean system, the common-target case isolates the pure estimation
benefit. Each player still pays its own effort cost, so this case is a Nash game rather than
the team problem of Section 1.4.1. The excess gain under competition is the welfare cost
of bilateral belief manipulation.

The private-signal curves also show who wants the precision. Under the common
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Figure 1.3: Equilibrium mean control D} as signal precision p varies (spectral solution,
both players at precision p). Dotted: the open-loop Nash path of the deterministic game,
the no-information limit. Dashed: the closed-loop Nash path of the perfect-information
game.

target the better-informed player has the higher cost. At py = 10 player 2 pays 0.366
against player 1’s 0.341. The better-informed player does more of the work, so each player
would rather be the less precise one. Under opposing targets the ordering reverses, 3.70
against 3.83, and precision is an advantage over the opponent. In absolute terms, both
players gain when either one is better informed, including player 1, whose own precision
is fixed and whose opponent improves. The competitive case does not change that even
though it raises every cost by an order of magnitude. At p, = 1000 the pooled cost and
player 2’s private cost have nearly met, since a player who observes the state almost
exactly has little left to learn from a pooled signal. With stronger conflict they cross.
The policy kernels do not depend on the targets, and the mean paths are linear in them,
+ k2 J¢, with J!

var

so at targets (k, —k) the cost is J' = J!

var

the cost at the common target
and .J* the mean part at (1, —1). Pooling still lowers player 2’s variance cost, but it raises
its mean cost, because player 2 gives up the mean-path advantage of being the better
informed. Above ps &~ 250 the second effect wins. Pooling then costs player 2 (0.9 at
pa = 1000) while player 1 gains 18. Under strong conflict the better-informed player

prefers to keep its edge. Under the common target player 1’s private cost meets them too
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(0.185 against 0.183), so an almost perfectly informed teammate is nearly as good as a
shared signal. Under opposing targets it stays well above (3.17 against 2.44). An almost

perfectly informed opponent is not.

Equilibrium costs: private vs pooled (p, =3, r=0.1, spectral solution)

Competitive (/= +1) Hypercompetitive (6= +5) Cooperative (#=0,0)

Cost

Figure 1.4: Equilibrium costs under private signals (dashed) and a pooled signal (solid),
with p; = 3 fixed and ps varying from 0.1 to 1000 on a logarithmic axis (spectral solution).
Left: opposing targets (£1). Center: opposing targets (+5). Right: common target (0).
The vertical scales differ: costs are about 4, 80, and 0.4 in the three panels, since the
mean part of the cost scales with the square of the target. The dotted line marks py = p;.

1.2.6 Optimal precision allocation

Information pooling is blunt. A planner with a fixed precision budget must still choose

how to split it between the two players.

Setup. Retain the state dynamics (1.2.1) and observation channels (1.2.2) with opposing
targets (£1), but allow asymmetric precisions (py,ps) subject to p; + po = P and
asymmetric effort costs (ry,re) with r; < re, so player 1 is the more efficient mover of
the state. A planner chooses the split to minimize aggregate equilibrium cost; for each
candidate allocation Picard iteration solves the full equilibrium. Parameters: P = 20,
T =1, with the fundamental volatility in (1.2.1) reduced to o = 0.5. Because the players

have opposing targets, their mean controls push in opposite directions rather than jointly

stabilizing the state. Total destructive effort measures the intensity of this arms race,

glest — /0 ' (7"1 (E[DY)" + 72 (E[DE])Q) dt.
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Precision allocation with asymmetric costs (r; =0.05, r, =0.2)

Individual costs Total destructive effort Mean controls and state
6 = J' (equilibrium) 51 = Equilibrium —_— - D (eq) <=+ D, (CE)
\— .7? (equilibrium) Full info 41 —— D, (eq) == X (eq)
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Fraction of precision to player 1 Fraction of precision to player 1 Fraction of precision to player 1

Figure 1.5: Equilibrium quantities across the precision split, p; + p» = P = 20, with
opposing targets, ¢ = 0.5, and asymmetric effort costs (r1,72) = (0.05,0.2). Left:
individual costs. Center: total destructive effort (the aggregate quadratic cost of the
mean controls). Right: mean controls and mean state.

Information starvation. Under cooperation, a planner should assign precision to the
efficient mover. Under competition, the natural guess is instead that a planner should
balance precision to limit manipulation. Figure 1.5 shows the opposite. With asymmetric
effort costs (r1,r2) = (0.05,0.2), concentrating precision on the efficient player shifts
the mean state toward that player’s target and sharply reduces destructive effort. On
net, both players’ costs fall as destructive effort moves toward the perfect-information
benchmark.

Denying the inefficient player signal access weakens the bilateral arms race, a com-
mitment logic in the sense of Schelling [105]. Giving all precision to the inefficient
player produces the worst outcome, because the efficient player pushes hard against
a well-informed opponent. The planner’s optimum is not balanced precision but an
information monopoly for the efficient player. The right panel shows separation failure
again. Certainty-equivalent controls are invariant to the split, while equilibrium controls

move with the belief prices.
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1.3 The decentralized LQG game

Informal description of the game. The games here have a common evolving state,
private noisy observation channels, and controls that feed back into the state and so
into others’ signals. These features generate the Townsend hierarchy of forecasting the
forecasts of others [104, 109]; quadratic objectives and linear-Gaussian primitives make the
problem tractable. The section generalizes Section 1.2: the same noise-state coordinates,

filters, and prices, now with n players, vector states, and general linear dynamics.

1.3.1 State dynamics and objectives
Consider n players interacting over a finite horizon [0, 7] on a filtered probability space
(Q, F,F,P).

State dynamics. The state X; € R? evolves as

dX, = (BX ()X, + > BX(t)D})dt + o(t) dW?,  Xo = o, (1.3.1)

=1

where B5(t) € R¥? is deterministic and bounded, W9 is a d-dimensional Brownian
motion, o(t) € R™? is deterministic and bounded, and D! € R? is player 4’s control,
entering through the deterministic, bounded gain Bj*(t) € R%“ (the identity in the

examples).
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Objectives. Let GtX’i denote the linear state-cost coefficient. In the baseline case it is

deterministic and bounded.! Each player i incurs the cost

(i N 1T ; i i i i i i
CZ(Dz;Dﬂ)::§/0 (XJGXXﬂ(t)XtJrz(Gf‘ )T X +2(D}) TGP () X, +(D)) T GPP: (t)Dt)dt

1 . ;
+§(X¥GXX’Z(T)XT+2(G¥’ )" Xr),

(1.3.2)

where the joint running Hessian . ‘ , with GXPi = (GPXHT | s
GDX,Z(t) GDD,z(t)

symmetric positive semidefinite, GPP(t) and GX*4(T) are positive semidefinite, and
D" := (D7), denotes opponents’ controls. Control coercivity needs the Schur comple-

ment
Sit) = GPPA(E) — GPXA () (GXX’Z'(t))+GXD’i(t) =M,  A>0, (1.3.3)

rather than GPP* = XI, which permits the form (z — d)?. Semidefiniteness gives
range GXP* C range GXX, so the pseudo-inverse term is exact. The cross term GPX+
lets the price of the control depend on the state (an input bill paid at a market price,
a trading profit DI(V; — P)); GPX% = 0 is the tracking case, where S = GPP*. Each

player ¢ seeks to minimize
JI(D'; D7) = E[C'(D}; D7) (1.3.4)

Opponents’ controls enter player ¢’s cost only through X;, which they move through (1.3.1)

and which player i observes through (1.3.5).

IThe formulas below also allow primitive-shock linear coefficients G;* = G + fot G (r) AW, with
deterministic mean and kernel; deterministic coefficients set GtX’Z(r) = (. The examples use deterministic
coefficients.
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1.3.2 Information structure

Observations. Player i does not observe X; directly. Instead, their private information

comes through the diffusion signal

dY; = BY'(t) Xy dt + E*dW,, Y{ =0, (1.3.5)

where BY'(t) € R™? is a deterministic observation gain and E' € R&™"+Dd jg the
block selector extracting player i’s noise channel (W} := E'W;). All Brownian mo-
tions {WO° W1 ... W"} are mutually independent. The precision matrix P'(t) :=
BY'(t)T BY'(t) measures the Fisher information rate about the state per unit time.
The block-selector form is without loss, since replacing £¢ by a general invertible noise
loading o(t) substitutes (B¥")T (ofo®T)~! for (B¥")T throughout. Throughout the main
characterization, the gain By'(-) is fixed; the two-player benchmark studies comparative

statics and planner-chosen precision.

Notation for primitive shocks. Collect all primitive shocks into a single vector
Wy = (WP,...,WmMT € R4 The direct projection IT" := E*TE’ is the identity on
the i-th block and zero elsewhere. The block-selector structure ensures each player’s
observation noise is an independent component of W. Player ¢ (almost) directly observes
II'W and infers (I — II")W from drift-based learning (Theorem 1.5).

Player 4’s information at time ¢ is their observation history, F; := o(Y! : s < t).
An admissible control is Fi-adapted with E[f] ||Di||? dt] < oo, where || - || denotes the

Euclidean norm on R¢.

Unresolved response. For each player ¢, define

Xi(u) == Xy(u) = Xi(u),
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the component of the state’s impulse response to the u-th shock that player ¢ has not yet
resolved at time t. It is large when the shock is recent or the observation channel weak,
and it shrinks as observations accumulate. Formally, X/ (u) = Cov(X,, dW, | F})/du; it
is the filtering gain in the noise-state update (Theorem 1.5), with its explicit formula

in (1.A.4).

1.3.3 Nash equilibrium

Each player’s drift depends on opponents’ estimates X* := E[X, | F¥]. The following
equilibrium concept fixes opponents’ strategy maps rather than their realized actions,
which Section 1.4 needs to show that a best response to noise-state linear opponents is

itself noise-state linear.

Definition 1.2 (Nash equilibrium in private-signal strategies). Throughout, a player’s
choice is a strategy map: for each t € [0, 7], the action D} is a (progressively measurable)
functional of the private observation history Y,. Write D} = Di[Y"], where the bracket
notation D:[-] denotes the map from the observation path (Y),<; to the action at time t.
Admissible strategy maps must satisfy E [ || D[|? dt < co and must also be causally well
posed: against any fixed profile of the opponents’ complete causal maps, the coupled
state—observation—strategy equations admit a unique strong causal solution, adapted to
the control-free observation filtration. Strategies use no independent randomization; any
private randomization, if admitted, is included in the player’s filtration.

A profile D* = (D*! ... D*") is a Nash equilibrium if for every player i and every

admissible alternative strategy map D[],

Holding opponents’ strategy maps fixed is substantive because signals are endogenous.
A unilateral deviation changes the drifts of opponents’ observation paths, and with them
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the likelihoods they assign to histories. Under admissible square-integrable controls this
only changes drifts, so the induced observation laws are mutually absolutely continuous
on every finite horizon. A perfect-Bayesian formulation is simpler here than in discrete
signal games, because Bayes’ rule applies on a common support and the fixed strategy

maps are evaluated on whatever observation paths occur.

Noise-state. On a given profile, the noise-state is the conditional mean path of the

aggregated primitive shock:
Wi(w) :=EW,|F], 0<u<t (1.3.6)

Against fixed opponent maps, player ¢’s realized control is a known input. Proposition 1.6
shows that its full downstream effect on the state, on opponents’ responses, and so on Y
is a deterministic causal functional of the realized control path. Subtracting that effect
gives a control-free Gaussian observation with the same filtration. Off the candidate
profile, Wi then denotes the conditional projection of W in this equivalent reference
coordinate. The deviating player does not choose a filter. The actual conditional state
estimate is the reference estimate plus the known state response, while the innovation

and its covariance are unchanged. On the candidate profile this agrees with (1.3.6).

Definition 1.3 ((Primitive-shock) Linear Process). An L? stochastic process L =

(L¢)teqo,r is a (primitive-shock) linear process if there exist deterministic functions

L . [O,T] — Rm’ L : [0’ T]Q - Rmx(n+1)d’
such that, for every t € [0, T,

_ t t
L = L(t)+/0 L(t, s)dW,, /O 1L (L, 5)||2 ds < oo.
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When convenient, extend L(t,s) by 0 for s > ¢.

Definition 1.4 (Noise-state Linear control / strategy). An admissible strategy map is

noise-state linear if, for the fixed filter described above, there exist deterministic functions
D :[0,T] =R D':[0,T] — R>0+DY,
such that, for every private history Y* and every t € [0, T,
DI = Di+ [ Di) W), [ 1Diw) du < oo.

Extend D}(u) by 0 for u >t and drop the argument [Y"] on the equilibrium path.

1.4 General theory

The primitive-shock space plays the role of a dynamic Harsanyi type space [52]: conditional
beliefs are projections of W = (W?°,... W™) onto private signal histories. Higher-order
beliefs are compositions of these projections. Player i’s estimate of player k’s estimate
of the state is E[X} | F/]; since X is a linear functional of diW} with the deterministic
kernel of (1.4.1), its projection onto F is the same functional applied to E[d,WF(s) | Fi],
which is (1.4.1) for player k evaluated on player i’s noise-state. Every order of belief is
therefore a finite composition of the kernels (IT¥, F'*), and no new state variable is needed.
Actions reshape the signals from which beliefs are formed, so those maps must be solved

as a fixed point (Figure 1.6).
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actions enter others’ observations (Theorem 1.5)

—

Candidate profile | Filters and beliefs

~ equilibrium: D = D
D (IL, F)

\

best response D, noise-state linear (Corollary 1.11)

Figure 1.6: Noise-state fixed-point loop. Each map determines the other, so the profile
must be solved as a fixed point.

Beliefs as deterministic kernels. The noise-state W;(-) of (1.3.6) has a deterministic-
kernel representation for its estimated-noise increments on the causal triangle Ay = {(, s) :
0 <s<t<T}, extended by zero off Ap. Write d,, for increments in the path index (the
source time u) and d; for updates in time. The state has form X, = X, + [ X,(s) dW,
with X;(s) the impulse-response kernel. Appendix 1.A gives the general linear-filtering
result; here C(t,s) = By'(t)Xy(s).

Theorem 1.5 (Beliefs are deterministic kernels: Filtering Closure). Fix a player i.

Assume the state admits the primitive-shock linear form
_ t

Xy =Xy +/ Xi(s) dW,
0

and player i observes

dY; = BY'(t) X, dt + E" dW,,

with deterministic P'(t) = 0 and block selector E*.
Let Il := E*TE' and X! := E[X, | Fi], and define the innovation dI! := dY; —
BY'(t) X! dt.

(i) The estimated-noise path increments admit the decomposition
—~ . . t
dW/(u)= T"dW, + (/ F(u,s) dWS> du, u <t, (1.4.1)
0

—_——
directly observed

indirect inference
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where the deterministic kernel F* is given by

Fius) = Xi(w) BY (o) B + BB Xils) + [ Xiw) P Ki(s)dr
max(u,s)

(1.4.2)

The pair (IT', F*) is the blueprint of player i’s beliefs.

(ii) The mized (t,u)-update satisfies
di(d, Wi () = Xi(u)"BY'(t)" dI} du.

Each old coordinate moves with the innovation, and )?Z(u) is the gain. The singular term

II° dW, is the coordinate’s birth, its entry into the filter at the current date.

The unresolved response X' is determined algebraically from F* by (1.A.4); the filter kernel

F' is the unique solution of the forward evolution system (1.A.5)—(1.A.6) (Definition 1.16).

Proposition 1.6 (Against frozen opponents, the deviating player’s own control is a known
input to its filter). Fiz player i and the opponents’ complete noise-state linear strategy
maps, including their filters. Let D' and D' be any two admissible controls generated by

causally well-posed strategy maps, and write
AD = Di— D' AX .= xDP' _ xD',

The corresponding differences in the state, opponents’ noise-states, and opponents’ controls
satisfy the exact deterministic causal system stated in (1.B.1)—(1.B.3). That system is
linear in the realized input process AD' even when the feedback rule generating Di s
nonlinear. No small-deviation approzimation is used.

The own-observation difference is

dY;iP — dy;Pt = BY(H)AX, dt, (1.4.3)
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and AX; is a deterministic causal functional of AD[iO,t]' Taking D' = 0, define the
control-free observation by subtracting this known response from the actual observation.
Causal well-posedness gives an invertible causal correspondence between the actual and
control-free histories, so they generate the same completed filtration. If X*° and Y*°

denote the control-free state and observation, then
dIi == dY;° — BY ()X dt = dy;"P — BYi(t) (X3P + AX,[D'])dt (1.4.4)

is the same standard Brownian innovation under every admissible own strateqy. The
deviating player’s filter is then the conditional filter implied by the frozen environment

and the known input.

Lemma 1.7 (Noise-state integrals as innovation integrals). Fiz t and let K, : [0,t] —
R™>(H+0d e deterministic and square-integrable. In the reference innovation coordinate

of Proposition 1.0,
t _ t . ’ . . ‘
/ K, () dyWiu) = / [Kt(s)EﬂJr / Ko(w) Xi(w) BY () duldIl.  (1.4.5)
0 0 0

The closed linear span of the coordinates {Wi(u) : 0 < u < t} contains every JFi-
measurable affine Gaussian random variable, so each has a deterministic noise-state

representation. Equation (1.4.5) gives the corresponding innovation coefficient.

Proof. Integrating the mixed update in Theorem 1.5 from the birth time w to ¢ gives, as

a measure in u,
o~ . . t . . .
dWi(u) = E*TdI} + ( / Xi(u)"BY'(s)" d];) du.

Substitution followed by stochastic Fubini gives (1.4.5). For the span claim, conditional
expectation is the orthogonal projection of linear functionals of the primitive shock onto

the Fi-measurable ones. The projected primitive increments d, W (u) = E[dW, | Fi] then
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generate precisely that subspace. O]

Best-response verification and information wedges. The maximum-principle
calculation identifies deterministic adjoint kernels and the information wedge V'(t). The
exact finite-deviation identity below then verifies the resulting candidate against the full

admissible L? class.

Theorem 1.8 (Belief prices and information wedges). Fiz a player i and suppose each
opponent k # 1 uses a noise-state linear strategy with deterministic impulse-response
maps, which pins down a deterministic forward environment (state impulse response
X (-,-), filtering objects (P*, Xk, F*), and policy kernels D*). There exist linear processes
H" and HF (u), k # i, such that the following system holds for t € [0, T], with (1.4.8)

holding for old-history coordinates 0 < u < t. For each opponent k # 1, define

. . t __ . . .
Vit = BYNOTEMHE (@) + PR [ XE0) HE ()dr, V=V (146)
ki

The state price and belief prices satisfy

—HY = [ (G0 X, + G+ GXPI)D)) — BX (1) THY - Vi, (1.47)
dt —~

perfect-information costate block information wedge

Y

SHE ) = ~(BYODEw) B+ Xu) VL k£ (14.8)

with terminal conditions Hy"' = GXXH(T) Xy 4+ G and Hy'(-) = 0. All coefficients,
PE(t), XE(r), DF(u), and X,(u), are determined by opponents’ frozen strategy maps and

do not change when player i deviates.

Proof. Appendix 1.B.2: the spike variation, the opponent filter variation, the coupled
state—filter system, and the backward adjoints. The state price HtX * is the marginal cost
of a spike that moves the state at ¢, and Htk Z(u) the marginal cost of one that moves

opponent k’s estimate of the shock at u. Every channel through which player ¢’s action
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moves what opponents believe, and every consequence of those moved beliefs, enters the
dynamics of the state price only through the term V{ in (1.4.7). To write Vf * explicitly,
define the filter contraction of a kernel M (r), 0 < r < t, and its transpose action on a

row-valued kernel N (r) by

B*M = EFM(t) + /Ot CFY (r) M(r) dr, N BT .= N(t)EM" + /Ot N(r)CFY ()T dr,
(1.4.9)
with CPY (r) = BY*(£)XF(r). Then V" = BY*(t)T B*H}"". The contraction B*H of
(1.4.9) is opponent k’s filter applied to a belief price: the birth term E*H (t) for the shock
arriving now, plus the integral of H against the innovation kernel CN’f Y for the shocks
already in the history. Chapters 2, 4, and 6 reuse it with (E*, CN"“Y) replaced by that
chapter’s observer’s pair. In (1.4.8), —Df(u)THtX’i is what player 7 pays, at the state
price, for the action opponent k takes on a moved coordinate.
For a fixed profile, the continuation value is a functional of the physical state and
the players’ noise-states, with adjoints H;" = dxV, and HF (u) = 6V, /6WE(u). All
coefficients in (1.4.7)—(1.4.8) are deterministic, so the mean and response-map coeflicients

decouple.

Corollary 1.9 (No observational externality). Suppose the state components that op-
ponents observe are unaffected by player i’s control. Then a unilateral deviation in D!
leaves every opponent’s observation law, and hence the fixed filter for each W’“, k #1,
unchanged; Vi = 0, the belief-price equations (1.4.8) decouple from the state price, and the

optimality system reduces to the standard LQG game with fixed information structures.

Conversely, a player can be made to ignore the effect of its own actions on the other
players’ beliefs by setting its information wedge to zero, which is how the exogenous-signal

benchmarks of the later chapters are constructed.

Lemma 1.10 (Strict convexity on the fixed reference filtration). Fiz opponents’ complete

causal maps, use the reference filtration of Proposition 1.6, and suppose the joint running
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Hessian is positive semidefinite and (1.3.3) holds. Then player i’s objective is strictly
convex and coercive on the admissible L* control space. For any two controls the state
difference is the exact linear causal response to their control difference, and the quadratic
part of the cost difference is half the joint form in (AX, AD"), which is nonnegative and

dominates

T )
INE [ ADj)ar
after completing the square in AX.

Proof. Proposition 1.6 makes the state and all induced opponent responses affine functions
of the realized own-control input on one fixed adapted Hilbert space. Substituting them,
the running integrand is half the joint form in (AX, AD?); completing the square in AX

leaves (AD?)TS'AD' plus a nonnegative GX*7 term, so (1.3.3) gives the claim. O

A candidate that solves the stationarity system is a best response against every

admissible deviation, including those outside the linear class.

Corollary 1.11 (Exact finite-deviation identity and best response over the full admissible
class: Best Response Closure). Under the conditions of Theorem 1.8 and the Schur
condition (1.3.3), let D** be a noise-state linear candidate whose deterministic kernels
satisfy the stationarity system (1.B.13), and let H** be the corresponding state price.

For every admissible strateqgy map D of any form, set
AD' :=D'— D" AX := XD xP"
Then the following identity is exact:

T o . i
—E [ (AD)T [GPP() Dy +E[GPX(0) X+ BY (1) H | F]at
0

T . . ) . ) )
+;E /0 [(AX)TGXN () AX,+2(AD]) T GPY (1) AX,+(AD)) T GPPA () AD]] dt
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+;E [(AXT)TGXXJ(T)AXT] : (1.4.10)

The kernel stationarity equations make the first line on the right vanish for every adapted

finite deviation. D** is then the unique best response over the full admissible L* class.

Proof. Appendix 1.B derives (1.4.10) by applying the physical and belief prices to the exact
finite-difference system. Stationarity gives GPP D+ E[GPX i X*+(BX)T HX4* | Fi] = 0.
The remaining terms are the joint quadratic form, nonnegative by Lemma 1.10, and

bounded below by IAE [ ||AD;||?dt after completing the square. O

Corollary 1.11 takes a solution of the stationarity equations as given; the next propo-

sition shows the best response exists.

Proposition 1.12 (Global solvability of unilateral best responses). Fiz a finite horizon
T and complete linear causal strateqy maps for all opponents, including their fized filters
from observations to controls. Under Assumption A.1, player i’s optimization problem
has a unique best response over the full admissible L* control class. By Corollary 1.11,

this best response is noise-state linear.

The proof is in Appendix A.2.

Remark 1.13 (Separation and the information wedge). Standard LQG separa-
tion holds the feedback gain fixed as signal precision changes. Here the FOC,
Di = —(GPPi(t))'E[GPXi(t) X, + BX(t)TH;"" | F/], depends on the player’s conditional
expectation of the state price. When actions affect opponents’ signals, that state price
contains the wedge, which depends on opponents’ filters and belief prices. Changing

information then generally changes the policy rule itself, not only the posterior variance.

1.4.1 Identical-interest LQG games with control externalities

The baseline decentralized LQG game lets opponents’ controls affect player i’s payoff only

through the state X;. In the identical-interest variant, every player evaluates the same
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quadratic cost of the full control profile. The state and observation equations (1.3.1) and

(1.3.5) are unchanged. Let
-
D= ((DH',.... (D)) eRr™.

Fix deterministic weights

together with deterministic linear terms ¢; and gr. The common cost is

1 T
(D) = 5 [ [XT QU)X+ 2] X, + e(t) + D R d

1
Every player has the same objective,

J(Ds D7) =K [C°P(D', D7), i

I
\.H
S

(1.4.11)

A profile D* is a cooperative Nash equilibrium if, for every player ¢ and every admissible

private-signal strategy D',

E [Ccoop(D*)] <E [OCOOP(Ei, D*,—z’)} .

Any global solution of the decentralized team problem is a cooperative Nash equilibrium.

Identical-interest games with dispersed information are the team problem of Radner

[97] and Marschak and Radner [82]; the common-information approach of Nayyar et al.

[89] solves the case in which every player also observes a common signal history. Here the

information structure remains decentralized: player 7 still computes the best response in

the filtration F/, and a unilateral deviation still propagates through the other players’
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private filters. In the identical-interest case the wedge no longer prices an adversarial
manipulation of beliefs.
The filtering equations are unchanged, since the observation system is unchanged.

Only the source terms in the control first-order system change. Let

Lx(t) == Q) X; + g, Lp(t) := R(t)D,

LY (t) := the k-th d-dimensional block of Lp(t).
For player i, the state price satisfies

d i i i i
%Htx’ = —Lx(t) = BX(t)"H' = Vi, HY' = QrXr + qr. (1.4.12)

For each opponent k # i, the belief price becomes

d ki T X T i i
ZHE () = —(BY (0D (w) H — (D) Lp(t) + Xo(w) Vi, Hyp'() =0.

(1.4.13)
The information wedge is the same filtering chain-rule object as before, (1.4.6). The new

source term
T
—(Df(w) Li(t)

is the effort cost of the control opponent k takes, through its future posterior, in response
to player i’s deviation. Under the common objective, player ¢ pays that cost too.

The best-response first-order condition is

E[Ly(t) + B (1) H;

F|=o. (1.4.14)
Equivalently, writing the block decomposition

Ly(t) = Ry(t) Dy + 3" Ry;(t) DY,
J#i
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and assuming R;;(t) > 0, the cooperative Nash policy satisfies

Dj = —Ra(t)"'E | B (t) H"" + > Ry;(t) D]
J#

f;’] : (1.4.15)

In the separable-effort case,

this reduces to

D; = —Ri(t)'BX(t)"E [H;*"

7.

but the opponent-effort terms still enter the belief-price equations through
~(Dkw) Ru(t)DE.

The objective remains quadratic and the state, filters, and frozen opponent maps
remain linear in the unilateral best-response problem, so the best response is again
noise-state linear. A fixed point of the resulting cooperative best-response system is then

a Nash equilibrium in private-signal strategies with a common objective.

1.5 Conclusion

In the continuous-time LQG benchmark, beliefs, prices, and policy kernels are deterministic
impulse-response kernels. Corollary 1.11 verifies that a fixed point in the noise-state linear
class is a Nash equilibrium against arbitrary admissible L? deviations. The two-player
examples show that the wedge changes welfare comparisons, information design, and the
response to signal precision. Even with identical interests, teammates’ effort enters the
belief prices.

The following chapters keep the same objects and change the environment. Chapter 2
adds delayed observation rows, Chapter 3 rewrites the kernel system in stationary lag form,

and Chapter 4 applies the adjoint logic to order-flow trading. Chapter 5 uses symmetry
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to solve finite local strategic-information games in relative-position coordinates, then
aggregates their equilibrium outcomes across markets. Chapter 6 makes the observability

of a deviation player-dependent.

Appendices to Chapter 1

The two appendices following Chapter 1 contain the canonical derivations used throughout
the dissertation. Appendix 1.A derives the filtering closure and the primitive-noise
representation of the noise state. Appendix 1.B derives the control first-order conditions,
belief adjoints, and information wedge. Later chapters modify these objects rather than

rederive them from scratch.

Proof-local notation. The symbols this appendix introduces for test functions, filter

errors, and characteristic-function arguments are local to the proof in which they appear.

1.A Filtering

Theorem 1.5 follows by specializing a generic linear-filtering result to the physical obser-

vation model and then converting from innovations to primitive-shock coordinates.

1.A.1 Dynamics of the noise-state

Fix a player i. Recall the noise-state W/(u) := E[W, | F/], 0 < u < t, and the observation
channel

. _ t . .
Mﬁz(ﬂﬂ+/(ﬂ@ﬂ%>ﬁ+EWW@ Yi=0
0

where Cy(s) is deterministic. Since C' is deterministic, set C' = 0 without loss by replacing

Vi with Yi — [ C(r) dr.
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Standing notation. Write i := /=1 in bold (to distinguish it from the player index i) and
R = L>°([0,]; R%); take all L? spaces to be complex; normalize the observation noise so
that E°E'T = I,,, so d(Y?); = I;, dt; and assume C(t,-) € L?([0,t]; R% > for each t,
so that Wj(u) = E[W, | Fi] € L2.

Lemma 1.14 (Test functionals). For XeR let o* solve
dpy =g (AY)X(s),  wp=1.

Each @} is bounded, and {g} : X € R} is total in L*(F}). Consequently an Fi-adapted

L? process equals E[W, | F{] as soon as it matches the test integrals
E[- ¢} = E[W, ¢}] for every X € R.

Proof. Each ¢} is Fi-measurable, and 1t6’s formula with d(Y?), = I, ds gives d|p}|* =

|¢§‘|2|X(s)|2ds; so |} = exp(3 [y IX|]2ds) is deterministic and ¢7 is bounded. For a
Brownian motion the family is total by [14, Lemma B.39]. The drift [, C(-,s) dW, of Y*
is square-integrable, so Law(Y"?) < Law(/3) for the Brownian motion 3 with the same
diffusion coefficient (Girsanov), with density A. Totality transfers. If E[Z ¢}] = 0 for
all X, then ZA is orthogonal to every ¢} under Law(3), so ZA = 0 by B.39 and then
Z =0. 0

Proposition 1.15 (Dynamics of Wi (u)). The observation follows
. t ) )
dY; — (/ Cy(s) dWs>dt+EZ awi,  Yi=0,
0

with C(t,-) € L*([0,t]; R *W) for each t. Then there exist deterministic matriz-valued

functions By "(u,t) and By (u;t,s) such that, for each fived u,

4TV (u (/ BYi(ust, s) d,Wis )) dt + BYi(u,t)dY, (LA1)
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with
A t ‘ , , A
BY 1) = [ 0.Ci(w9) o) ds + BT L gz, Bt s) = —BY (. 1) Cu(s),
) >

where Ci(u,s) := Cov(W,, W, | F}) is the deterministic conditional error-covariance

kernel.

Proof. Step 1 (Test family). Let ¢* (X € R) be the test functionals of Lemma 1.14;
each is bounded, solves dp? = i (dY?)TX(s), and W), Wi(u)e} € L2, justifying the

interchanges below.

Step 2 (Characterizing identity). As ¢} is F/-measurable, the tower property
gives E[Wi(u)@)] = E[W,e}] for all X (x). By Lemma 1.14 it suffices to substitute the

ansatz (1.A.1), differentiate (%) in ¢, and match.

Step 3 (Left side). Split dY; = E'dW,; + (f; C(t,s) dW,) dt; only the martingale
part has quadratic variation, so d(W¢(u), o*); = i} By (u, )X(t) dt (using B'E'T = I;

the drift affects the dt-comparison, not the bracket). 1t6’s product rule gives

SBITE (0)e2) = B[ (W) [ €5 d W) + B, 0) | )

+ E{cpi‘/ot (B‘I,/VVl(u, t,s) + By (u, t)C’t(s)> dsﬁ/f(s)}

Step 4 (Right side). With M (u,r) = Ci(u, r)+Wi(u)Wi(r)T (Gaussian conditional

law) and the conditional Itd isometry,

d , too
SEW.g] =B ( [ aCiu 9)Culs) T ds
0
—~. t —~.
+Wiw) [ Ot ) dWi(s)
+ E”1{u>t}ﬂ X(t).

Step 5 (Matching). Equate the derivatives for all X,t; the common
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Wiu) L C(t,s)d;Wi(s)T terms cancel.  Varying the free endpoint X(t) (which
leaves ¢ fixed) splits the identity into its X(¢)-linear and X(¢)-independent parts:
(i) the X(t)-coefficient, deterministic after cancellation, gives BY; (i) the remainder
El@} [{(B + BYC) d,W/(s)] = 0 for all X, so separation (Lemma 1.14) and It6 isometry
force B = —BY (. O

1.A.2 Specialization to the physical observation model

Specialize to the observation equation of Section 1.3,
dY; = BY'(t) X, dt + E" dW,,

which corresponds to setting Cy(s) = Bx'(t) X;(s) in the general setting of Proposi-

tion 1.15.
Innovation process. Define the innovation
dIl .= dY; — BY'(t) X! dt,

where X! := E[X, | F/]. By the innovations theorem for Gaussian linear filtering

(Liptser—Shiryaev [75], Theorem 7.12), I' is a standard (F*, P)-Brownian motion.

Innovation form of the dynamics. Substituting Cy(s) = BY'(t) X;(s) into Proposi-

tion 1.15 and using dIi = dY; — BY'(t) X} dt, the dynamics (1.A.1) become
—~. t ) vi ) ) .
Wi (u) = ( [ 0Citu, ) Xi(s)" ds)BX”(t)T I+ B 1y dIi. (1.A.2)
A >

The noise-state moves only with the innovation, through a covariance gain and an indicator

term.
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Identifying X° as the filtering gain. For u < ¢, the indicator term in (1.A.2) is

locally constant in u, so the mixed (¢, u)-update takes the form
di(d, W} (u)) = Xj(u) " BY' ()" dljdu, 0<u<t<T. (1.A.3)

The gain in (1.A.3) is the conditional cross-covariance density, divided by dt, of dW,,
and BY'(t)(X,—X})dt given F/. Since X; — X} = [ Xi(s)dW,, Ito isometry gives
Xi(w) " BY'(t)".

Algebraic identity for X' in terms of Fi. Define the induced estimated-state kernel
Xi(u) == Xy ()T + [ X,(v) Fi(v,u) dv. Since X! (u) := Xy(u) — X! (u),

Xi(u) = X, (u)(I — 1) — /Ot X, (v) F{(v,u) dv. (1.A4)

1.A.3 The blueprint: direct projection II' and filter kernel F*

Define F by its evolution equation, with X’ given by (1.A.4).

Definition 1.16 (Blueprint system). Fix player i. A deterministic causal kernel F* on

A7 solves the blueprint system if, with X' defined by (1.A.4), it satisfies . = 0 and

O F} (u,s) = X{(u) " P'(t) X{(s),  w,s <t, (1.A.5)

Fi(u,t) = X{(w)TBY' ()TE',  F(t,u) = E"TBY'(1) X(u). (1.A.6)

Since (1.A.4) expresses X' as a deterministic linear functional of F?, the blueprint
system (1.A.5)-(1.A.6) is a closed forward ODE for F, quadratic through the substitution;
its right side is locally Lipschitz in F* on bounded sets, so the solution is unique. It fixes
the map from the primitive shocks to the player’s estimated shocks.

Convert the innovations-based characterization of Subsections 1.A.1-1.A.2 into
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primitive-shock coordinates. What is needed is a deterministic kernel F** such that for

every t € [0,7] and u < t,
o~ ) t
4, Wi(u) = I dW, + / Fi(u, s)dW, | du.
0

IT° carries the contribution at s = u, and F* carries the density across the other source
times.
Derivation

Return to the innovation form of the estimated-noise dynamics (equation (1.A.2)): for
u < t,

—~. ) . t ) )
dWi(u) = E*"dI’ + ( / Xi(u)"BY'(s)" dl;) du,

where the first term is the direct observation at time u« and the second is the accumulated
drift-based revision over (u,t]. To pass from innovations to primitive shock, expand each

dI! in terms of dWV.

Expanding the innovation. Under the physical measure the innovation decomposes

as

dI! = EHdW, + BY'(t) (X, — X}) dt.

Substituting the linear forms and using X/ (r) := X,(r) — X! (r):
; ) Vi t .
dIi = B dW, + B (¢) / X (r) dW, dt. (1.A.7)
0

The drift is the state error X; — )/(\t’ written against the primitive shocks.
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Expanding the direct term. Substituting (1.A.7) at ¢ = u into E*T dIi:
BT AL = BV TE AW, + BT BY (1) / X (1) dW, du. (1.A.8)
=TT W,

The second term is absolutely continuous in w« with primitive-shock density
ETBY (1) Xi(s) for s < u. In kernel coordinates over the primitive shock, the
direct term is the singular diagonal part, a Dirac delta at s = wu, while " collects
everything with a density. Carrying the delta as the matrix coefficient IT* keeps F* a

function.
Expanding the integral term. Substituting (1.A.7) into [ X?(u)T BY'(s)T dI':

. . ; . . )
| X B ) dr = [ Xi(w) BY(9)" B aW,

(a) martingale

N /ut X (u)T Pi(s) /0 Xi(r) dW, ds .

(b) abs. continuous

Term (a) contributes X' (u)"BY'(s)TEi for s € (u,t]. Term (b) has a deterministic
integrand, so the stochastic Fubini theorem [113, Thm. 2.2] licenses exchanging the outer
time integral ['(---)ds with the inner It6 integral [ (---) dW,; its hypothesis here reduces

to the deterministic square-integrability
t rs
I

which holds because the impulse-response kernels X* and the precision P* := (BY")T BY"

Xi(u) Pi(s) Xi(r)| drds < oo, (1.A.9)

are bounded on the finite horizon [0, 7]. Re-expressing the integration region {u < s <
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t, 0<r<s}as{0<r <t max(u,r) <s <t} then gives

)= t ( /mt Xi(w) T Pi(s) Xi(r) ds) qw,.

ax(u,r)

Term (b) contributes, at each source time r, the inference accumulated after max(u, r).

Assembling the density. Collecting the coefficient of dWs du from all three contribu-

tions, with causality (Xi(u) = 0 for u > s) zeroing the irrelevant indicators:

Fi(u,s) = Xj) B (9B + BB @) XU + [ Kiw) P ) Xi(s)dr.
(1.A.10)

Kernel representation. Fix ¢ € [0, T; the primitive Brownian motion W has dimension
(n 4+ 1)d. Under the boundedness assumptions on X ‘. B}g’i, E’ and P’ the expression in

(1.A.10) defines a deterministic kernel
th c L2<[O’t]Q;R(n+1)d><(n+1)d) .

Applying stochastic Fubini to the preceding identity gives, for every deterministic h €
L2([0,#]; RU+D4),

/Oth(u)T(duW;(u) — 1T qu) _ /ot < /Ot h(w) Fi(u, 5) du) dw,. (LA11)

The notation

—~. ) t
du Wi (u) =1I"dW, + ( / Fi(u,s) dWS> du
0

is understood in the integrated sense of (1.A.11).

The kernel is unique up to Lebesgue-null sets. Suppose F; and G% both satisfy (1.A.11),
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and write K} = F} — G%. Then, for every h € L?([0, t]; R(+1d),

/ot (/ot h(u) " K (u, 5) dU> AW, =0  as.

The It6 isometry implies

2

3 )
/ h(u) " K}(u,s)du| ds=0.
0

[

The Hilbert-Schmidt operator generated by K then vanishes on L?([0,¢]; R("*1)?) 5o

tpt
// | K (u, s)||E duds = 0.
0o

Accordingly, F} = G almost everywhere on [0, ¢]%.

1.B Control stationarity
and finite-deviation verification

This appendix derives the stationarity condition (1.B.13), the closed backward system
for the adjoint kernels, and the exact finite-deviation identity used in Corollary 1.11.
Nothing here assumes that the best response is noise-state linear. Opponents’ complete
causal maps stay frozen, while the deviating player may use any causally well-posed

square-integrable observation-feedback strategy.
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1.B.1 Frozen opponents, exact finite differences,

and the reference innovation

Fix player ¢ and the opponents’ complete noise-state linear maps, including their filters.

Let D' and D' be any two admissible own controls and define
AD!:=Di — Di,  AX,:=XP - xP"
For k # 1, the direct primitive-shock part of the two fixed filters cancels, so write
A WP (w) — dWEP () = Awk (u) du.

The differences satisfy the exact system

Ak (u) = XF(u) T PR (1) (AXt - "X, () Awk (r) dr> . 0<u<t, (LB.1)
Awk(t) = BFTBY (1) (AXt -/ "X, (r) Awk (r) dr) , (1.B.2)
d

) t
TAX, = By (t)AX; + BX()AD; + Y Bl (t) / Df(u)Awf(u) du,  AXy=0.
ki 0

(1.B.3)

The opponent-control difference is ADF = [ DF(u)AwF(u) du. Subtracting the two
closed-loop systems gives these identities. They are exact and linear in the realized input
AD?; the rule generating that input may be nonlinear in the observation history.

The own-observation difference is
dY;iP' — i = BY (1) AX, dt.

Since (1.B.1)—(1.B.3) have deterministic causal coefficients, AX; is known from the

realized own-control difference up to time t. Taking D’ = 0 defines the control-free pair
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(X0 Y%0), The actual observation comes from Y*" by adding the known response of
the realized control, and causal well-posedness gives the reverse reconstruction. The

completed filtrations coincide. With
X0 = EX | F)
the common reference innovation is
dI} = dY{" — BY' ()X, dt = dY;"P' — BY' (1) (Xi° + AX,[D'])dt. (1.B.4)

It is a standard Brownian motion whose law does not depend on the own strategy, so the

deviating player filters against the frozen environment and this known input.

1.B.2 Spike variation and the first-variation system

Fix t € [0,T) and a control spike z € L?(Q, F;R?). The spike perturbation D" :=
Di+pz 1[t,t+e](s) induces the normalized first variation 6.X; := lim. | %a%X PiE - with
§X; = v := BX(t)z, the induced state impulse.

Opponents apply fixed linear maps, so v — (6X;, {6w¥(-)}rz:) is linear with deter-
ministic coefficients. The spike-induced state response is known to the deviating player

and enters the reference conditional mean, so it creates no new own-innovation increment.

The reference innovation (1.B.4) is unchanged by construction.

Opponents’ filter response. For cach k # i, 8(d,W¥(u)) = dw”(u) du with §wk(-) = 0.

Existing coordinates satisfy

ds0wk (u) = XF(u) T P*(s) <5X5 - /OS X, (r) 6w*(r) dr), 0<u<s, (1.B.5)
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and the coordinate born at u = s satisfies
suwk(s) = EFT BYH(s) <6X5 - / "X, (r) 6uwk(r) dr). (1.B.6)
0

The opponent control variation is §D* =[5 D¥(u) dw”(u) du, giving the coupled state

system

L 5x, = BX(s)6X, + Y BX(s) / DE(u) Swk(u) du, 60X, = v, (1.B.7)
0

ds ki

After the spike, the state moves through its own dynamics and through the opponents’

control variations.

1.B.3 Transition kernels

The coupled system (1.B.5)—(1.B.7), with birth condition (1.B.6), has bounded determin-

istic coefficients and admits a unique deterministic two-parameter evolution family.

Definition 1.17 (Block transition kernels). For s > ¢, define ®*%(s,t) € R™¢ and

OXF(s,t,u) (k #1i, u € 0,t]) by

4
6X, = XN (s,t) v + Z/ DR (s, t,u) Swk (u) du,
ki 0
for initial data 6X; = v and the given dwf(:). In the spike deviation Jwf = 0, so
60X, = ®*X(s,t)v. The notation ®**(s,¢,t) denotes the birth value for the coordinate

born at time ¢.

These blocks satisfy

0
aq)XX(s?t) = _CDXX(Svt)B))g(t) - Zq)Xk(Svtat)Ek:rB)}gk(t)
k#i

- ;/Ot O (s, t,7) XF(r) " PH() dr, (1.B.8)
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jtws, t,u) = =& ¥ (s, 8) B (1) Df () + ¥ (s, £, 8) EN T BY* (£) Xy (u)

+ "Xk (.t 1) X ()T PR() X (u) dr, (1.B.9)

with ®XX(¢,t) = I and ®¥*(¢,¢,u) = 0. The terms involving ®X*(s, ¢, ¢)E*T BY*(t) come

from the birth condition (1.B.6).

1.B.4 First variation of costs and the adjoint kernels

Fix player i. Using §X, = ®*¥(s,t)v and the linear form of X, the normalized cost

variation is

57i(2) =BT (PP Df -+ 6PV [ Kot [ X diT )]

(1.B.10)

e BE@T [ [ ami]) | 7],

where the running marginal cost of the state now includes the cross term with the player’s

own control, GXP(s) Dl = GXP4(s) {D; + Jo Diy(w) qu}, and

o\ T . _ — . . .
Y = / XX (5, 1) T[GYXi(5) X, + GXF 4+ G¥Pi(5) D] ds
t
+ 5N 4)T |G X + G, (1.B.11)
X T .
HY () = / XX (5, 4)TGYX () X, (u) ds
t

n /t L XX (s T (G (u) + G¥Pi(5) Diy, (w)] ds

+ XN, ) T [GXNT) X (u) + G (u)]. (1.B.12)

The upper limit in (1.B.10) may be written as T since d,W;(u) = 0 for u > ¢.
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Stationarity condition (globally necessary and sufficient). Setting §J/(z) = 0 for

all Fi-measurable z gives

GPPA(4) Di + GPX() [Xt + /O T Xi(u) de(u)] (1.B.13)

. T , .
+ BX0)T|HS /0 HY (w) dWZ(u)} — 0 as.

with equilibrium coefficients

Dj = —GPPHt) [GPY) X, + B (1) HY,

Dj(u) = =GPPi(t)H [GPY () X, (u) + B (1) H (w)].

Equivalently, Di = —(GPP(#))'E[GPYXH () X, +BX ()T (H '+ [ Hi ' (w) dW,,) | Fi].
The player cannot act on shocks it has not observed, so the control is the conditional
expectation of the state price given its own history. This is not a separation principle
(Remark 1.13), because the state price itself is an equilibrium object shaped by opponents’

filters and belief prices.

1.B.5 Closed backward system for the adjoints

Define the belief-price coefficients, the prices of moving opponent k’s noise-state coordi-

nates,

H " (u) == /tT DR (s, t,u) T GEN () X ds
+/tT (I)Xk(s,t’u)T[GsX,z‘ + GXD,Z‘(S)DQ ds
+ OXN(T,t )T [GYN(T) Xy + G, (1.B.14)
H (u,7) == /tT SR (s, t,u) T GEN () X (r) ds

T . . .
+ [ % (s ) [GX) + GO (5) Diy ()] ds
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+ ON(T, t,u) T GYN(T) X (r)

+ OXF(T b, u) TG (). (1.B.15)
Equivalently, introduce the noise-linear adjoint processes

. _ . T .
HY = B [ ) aw,
0

. . T .
HE (1) = B (u) + /O HE (1) dW,, & # i,

Here and below, H; " (u) denotes the kernel of the process H; ", while Hf *(u) denotes a
process whose kernel carries the second argument Htk ’i(u, r). The argument count differs

between the two families because H*' is itself indexed by a coordinate. For each opponent

k # i, set

. . t __ . . .
VL= BYRF ) TERHE () + PF(t) /0 XFryHE (rydr,  Vi:=Y"VP. (1.B.16)
ki

The first term carries the coordinate born at u =t in (1.B.6), the second the accumulated
drift inference from (1.B.5). Together they are the information wedge, the price player i

pays for what player k learns from its action. In coefficients,

g — [ —
Vi = BYP()TERHP (1) + PR(t) / XEr)HE (r) dr, (1.B.17)
0

. . t .
VEr) = B ()T EFHE (1, 1) + PR(1) /O XE(s)HE (s,7) ds. (1.B.18)

The adjoints satisfy the two backward equations

EHtX” = [0 X, + G+ GYPi) DY - BYX (1) THY - V], (1.B.19)
SHE () = ~(BYODE ) HY + X))V, k£ (1.B.20)
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The terminal conditions are

HY = GXY(T)Xp + G, HE()=0, k#i. (1.B.21)

1.B.6 Exact finite-deviation verification

Let D%* be the noise-state linear candidate satisfying (1.B.13), and let D' be any admissible
finite deviation. Put AD? := D' — D** and let (AX, {Aw"}4) solve (1.B.1)~(1.B.3).

Expanding the quadratic objective gives

Jl(EZ,D_Z) _ Ji(Di,*;D—i)
T , . . .
—F / [(GXX”(t)Xt* 1GNP DY) AX,
0
+ (D) TGPPA(1)AD: + (ADi)TGDX’i(t)Xt*} dt

+E [(GXX»i(T)X; + 65 axy

T . ) . . ) )
+ ;E / [(AXt)TGXX’Z(t)AXt +2(AD)TGPX ) AX, + (AD;)TGDDﬂ(t)AD;] dt
0

1 .
+5E (AX7)TGY¥¥(T)AXT|. (1.B.22)
Apply integration by parts to the paired forward-backward quantity

. 6
U, = HY"TAX, + Z/o HP (w) T Awk (u) du.
e

Set
t
el = AX, — /0 X, (r)Aw (r) dr, k #i.

The product rule also picks up a birth contribution at the newly born coordinate u = t.

Explicitly,

d d A\ A
%\Ijt = <dtH£X7Z,*> AXt + H§7l7*T

a

AX
dt =t
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xf [( B 0)) )+ HE )08t )| du

k#i

+ 5T HP ()T Awk(t). (1.B.23)
k#i

Substitute the exact finite-difference equations (1.B.1)- (1.B.3) and the adjoint equa-
tions (1.B.19)—(1.B.20). The physical-drift pairings and the opponent-control pairings

cancel, leaving

d . , . CNT , :
%\Ijt = — (GXX’l(t)X: + G%X’Z + GXD’Z(t)Dz’*) AXt + }L;XMCI'BZ){(IS)AZDg
t __ . T
DI A [P’%t) /O XF(w) HE ™ (u) du| - ef
k#i
’ T
+ [BY (1) EFH ()] ef}. (1.B.24)

The last two terms in braces are, respectively, the old-history and newly born components

of Vtk ’i’*Tef by (1.B.16). The braces then vanish opponent by opponent, and

d ) . ) N . )

o= (GOX] + G GPOD) AKX+ HETBE(AD] (1.B.25)
Integrating from 0 to 7', the initial term vanishes because AXy, = 0 and the
belief-coordinate integral is empty. At the other endpoint, H;l* = 0, while

Hi,{( = GXXA(T) XA + Gj)f . The terminal physical pairing is exactly the terminal linear
term in (1.B.22), and the running pairing (GXP*D**)TAX cancels the cross linear term

of (1.B.22). What remains from all linear terms is
T ) ) X
E [ (AD)T[GPXWX; + BX (1) B dt.
0
Since AD! is adapted to the common reference filtration,

E[(AD)T(GPXi(0) X7+ BX (1) H ") | =E[(AD) "E |G (0) X7+ B ()T HY | F |
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Substituting gives the exact identity (1.4.10). The stationarity condition annihilates its
linear term for every finite adapted deviation, while the remaining quadratic terms are

nonnegative. Under (1.3.3), equality is possible only when AD? = 0 in L%

1.B.7 CARA / risk-sensitive extension: exponential utility FOC

Theorem 1.18 (Risk-sensitive extension). Take GPX% =0, the tracking case. Replace

(1.3.4) with the entropic risk measure
Ji =07 log]E[eeiCi] . 0,>0, (1.B.26)

where C* is the random cost (1.3.2). A Taylor expansion gives Jj = E[C"] + % Var(C') +
O(0?%), so 0; governs risk aversion (the risk-neutral case 0; — 0 recovers (1.3.4)).
Under a linear profile, the stationarity condition is identical to (1.B.13) with T//I\/;

replaced by the risk-adjusted noise-state
—~ —1 s~
Wtzje = (] - QZOth) (Wtz + Hzctkt) s

where C; := Ci(u,r) = Cov(W,, W, | F}) is the deterministic conditional covariance
kernel of W given Fi (deterministic by Gaussianity of the conditional law under the linear
profile), Ky is the symmetric quadratic kernel of C' in the representation (1.B.28), and k; is
the corresponding linear kernel (1.B.27). The formula is valid when I — QiC’tlmKtC'tlm =0,
which is precisely finiteness of E[eaici]. The filtering structure is unchanged, but certainty
equivalence fails; the system is the multi-agent, endogenous-information analogue of linear-

ezponential-quadratic-Gaussian control [62] and risk-sensitive certainty equivalence [115].

The spike variation of Section 1.B.2 carries over; differentiating the objective (1.B.26)
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in the spike amplitude gives

e 0;C*

5‘]51,15(2) = E[ZZ 5C§(h)} ) ZZ = E[eeici]’

with §C}(h) identical to (1.B.10).

Quadratic structure of the cost. Expanding C' through the linear forms X, =
X+ f3 Xo(u) dW, and D! = D} + [? Dy (u) dW,, and applying stochastic Fubini gives

the representation
. T T /T
C'=co+ / O(w) " dW, + %/ / dW,] K (u,r) dW,,
0 0 Jo

where ¢y absorbs deterministic and trace terms, and the linear and symmetric quadratic

kernels are

) = [ )T (G0 X+ G + 6w TR,

+ Diy, () GPP(t) D] d
+ Xr(w) (G Xp + ') + G (u) " X, (1.B.27)
r T XX T X0
Kur) = [ " Xl0) TGN X )+ Xow) G )
+ G () "X (r) + Diy,(w) GPPA() Diy,(r) | dt

+ Xp(w)"GXXNT) Xp(r) + Xo(u) "G (r) + G (w) " Xp(r).  (1.B.28)
Tilted conditional FOC. Since C!is quadratic in W, the weight Z? tilts a Gaussian

measure by a quadratic form, preserving Gaussianity. Setting 5J§i7t(z) = 0 for all F}-

measurable z and applying the tower property gives

o B Y
GPPi( D+ BX(4)TE? | BN + /0 HY () dW,

fz’] =0,
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where E¥'[- | F] == E[Z'(") | F{]/E[Z* | F].

Risk-adjusted noise-state. Since H;' + fOT HtXl(u) dW, is linear in W with
deterministic kernels, the FOC reduces to computing the tilted conditional mean
W, .= EQ'[W, | Fi]. Under the deterministic-kernel profile, L(W | Fi) is Gaussian with

mean m; = Wti and deterministic covariance Cy := Ci. The quadratic tilt shifts this to
O{el = C; ' — 0Ky, mig = Cyo(C; my + 0;ky),

provided I — 6;C} / K, 0} /2« 0. Here C; and K; act as integral operators on
L2([0, T); R™+1D4) . The kernel K of (1.B.28) is supported on [0, T]? and couples past
and future coordinates. Cy is the conditional covariance of the full path on [0, T]?, so
restricting to [0, ] would drop the past—future coupling that the tilt introduces. On this
domain, (I —0;C;K;)™" is the resolvent (Neumann series) (I —6;C;K;) ™' f = f+0,C K. f +

02(C,K;)2f + - - -, convergent precisely when [|6;C, /2

K,C} / 2H0p < 1. Rearranging gives

Wi (u) = [(I = 6:Co )~ (W + 0; Cuky) | (), (1.B.29)

and substituting into the tilted FOC gives

) ) v T . .
GPPI) D] + B ()T H ' + / HY (u) th”e(u)] ~ 0. (1.B.30)
0

The pathwise cost C’ is convex in the control path, z + €%? is convex and increasing, and
;' logE of a log-convex family is convex, so Jgi is convex in the control. Stationarity is
also sufficient, and (1.B.30) characterizes the best response. The linear kernel k; (1.B.27)
shifts the conditional mean toward lower expected cost; the quadratic kernel K, (1.B.28)
reweights conditional precision toward the directions of W along which cost variance is

large. As 6; — 0, W,*” — W and (1.B.30) recovers (1.B.13).
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Chapter 2

Delayed Public Signals and

Asynchronous Learning

Public information often arrives after private learning has already occurred. Earnings
releases, official statistics, and market-wide disclosures are public signals, but different
agents may receive them with different delays after acting on partial private information.
Delay creates a disclosure window during which a private action can move what others
infer; at its known end the manipulation loses its effect.

Extending the noise-state filtering and adjoint system to this timing requires centering
the arriving delayed signal: at time ¢, player ¢ observes dZ;_a, with the part it could already
predict subtracted, so the delayed signal arrives as an innovation. The resulting filter kernel
has two births, the private-signal birth at u =t and the public-signal birth at u =t — A,.

Linear-quadratic stochastic differential games with delay have been studied with the
delay in the controls [28]; delayed observation of shared information is the delayed-sharing
pattern of decentralized control [88, 111, 117]. Here the delay is in the observation of a
public signal, so it enters the filtering and adjoint kernels rather than the state dynamics.
The same equations cover the opposite timing, an action that is seen at once but takes

effect after a lag 7;, as with time to build [70] or a purchase that is resold later. A delayed
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action changes the state dynamics and the first-order condition; the filter is untouched.
Section 2.1 sets up the delayed observation, Sections 2.2 and 2.3 derive the filter and

verify it, and Section 2.4 prices the arrival in the adjoints and the first-order condition.

2.1 Delayed observation structure

Fix a finite player set Z = {1,...,n} and choose an arbitrary player i. Throughout this
chapter, i denotes the player whose filter or control is described, while k € Z '\ {i} denotes
an opponent or another observer.

Player 7 observes a private signal
) _. t .

Yy — (C’”Y(t) + [Cits) dWS) dt + E'dW,. (2.1.1)

0

There is also a public signal

_ t
iz, = (Cz(t) + [ t.s) dWs) dt + EZ dW,. (2.1.2)

0

Each player may observe the public signal with a different delay. Player ¢’s delay is
A; >0, and
Fl=oYl:r<t)Vo(Z, :r<t—AN). (2.1.3)

The common-delay case is A; = --- = A, = A. In applications the public drift kernel C#

may contain state, predictable-control, and uncontrolled components,
C%(t,s) = BZ(t )+ ZBZ (t) Dy (s) + U (s), (2.1.4)

where control-dependent drifts use predictable controls D} .
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The state may also carry delayed control rows,

X, = <B§§ )X+ BX(#) D+ BX (t)DT_Tm>dt+cr(t)th, D=0 (s<0), 7m0,

" " (2.1.5)
with Bfn((s) := 0 for s > T. A control chosen at t — 7,,, depends only on noise born by
then, so in the kernel state equation the delayed row is B,),f(t)l{sgt_Tm}D%t_Tm (s), and
the mean equation gains B (t) D" - The filtering results below do not change. D"
adds no martingale term to dX; the delayed rows therefore enter the drift kernels C*Y

and CZ only through X;(s). With BX = 0 everything reduces to Chapter 1.

Assumption 2.1 (orthogonal delayed public news). The private and public martingale

rows are normalized and orthogonal:
F'ET =1, E?FE%T =1, E'EZT = . (2.1.6)

Private rows do not directly measure EZdW. Players may infer part of EZdW;_a,
indirectly through earlier drift effects, but this inference is predictable at t—, so it changes

only the drift of the arriving Z-innovation, not its instantaneous covariance.

Let s! :=t — A;. At time ¢, the arriving public increment for player 4 is dZs;' when

t > A,;. Define the pre-arrival projection of a primitive kernel K by
) ) t )
(PLK)(u) = K (u)IT + 1, K (u)1Z + / K(r)El(r,u) dr, (2.1.7)
k 0

where II' = E*TE? and [1? = E% T EZ. The strict inequality excludes the just-arriving
coordinate u = si. The complement (I — P;_)K is the part of K that player i has not
resolved before the arrival.

The private unresolved row is

Ci¥ (u) == (I = PL)[C™Y (£, )] (u). (2.1.8)
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Define the centered delayed-public innovation row

G () = Luzag (U - POIC7 (st )| () — BPFE (show)) .| (219)

Since EZF} (t — A;,-) need not vanish, player 7 also subtracts its predictable estimate of

the arriving Z-noise increment. The delayed public innovation is

AI% = Lzay (42, ~ BldZ,; | L)
t .
= Lgsag BZaW, + [ G (u) v, dt. (2.1.10)
¢ 0
Similarly,
ALY =AY} — Y] | Fi] = E'dW,+ [ G (u) dW,t (2.1.11)
0

By (2.1.6), d]ti’y and dIZ"Z have block identity instantaneous covariance and no mixed

quadratic variation. Figure 2.1 shows the geometry.

observation geometry filter kernel at fixed ¢
u S
t 1
<3 t— A, poentered arrival v
& :
& interior filter !
\0 ¢' 1
e 28 . 1
(SR evolution
Uug + » :
i i
2 t | u
. . . t=40;
— private-signal birth - - - delayed-public birth

Figure 2.1: Observation and filter geometry under delay. Left: a source coordinate enters
the private innovation at ¢ = u and reaches player ¢ publicly at t = u 4+ A;; the strip
between is the disclosure window. Right: the delayed public signal creates interior birth
lines at t — A,;.
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2.2 Filtering with delayed public signals

The theorem verifies a candidate kernel, taking the representation as given and deriving
the equations it must satisfy. Existence of a kernel with the representation is part of the

equilibrium fixed point and is not claimed here.

Theorem 2.2 (Filtering with a delayed public innovation row). For each i € T, let A; be
a known constant delay, maintain Assumption 2.1, and suppose a deterministic kernel F*

is such that the candidate noise-state has the representation
—~. ) t
Wi (u) = TU AW, + 1jueran 12 dW, + ( | Fiws) dWs) du. (2.2.1)
0

Define C*Y and C*Z by (2.1.8) and (2.1.9). Away from the two birth lines u = t and

u=t—AN;, F' satisfies
O F!(u,s) =CrY (u) CPY (s) + Cr7 (u) " CH (s). (2.2.2)
The private signal creates the usual birth at u =t,
Fi(u,t) =CP (w)TE',  Fi(t,u) = E"TCY (u), (2.2.3)

and the delayed public signal creates a second birth at si =t — A;, the coordinate whose

public news arrives at t,

F}(u, 5})

L =C*w)E?, F(siu)|, = E? Gl (u). (2.2.4)
Equivalently, with noncausal rows and empty integrals equal to zero,

Fi(u,) = C3¥ () B+ BTG (s)

+ Lara, <y Cofa, (W) TE? + Liuyn,<n B2 TCLY A (5)
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t ~. ~. t ~. ~.
+ [ G WTC (st [ i) G (s)dr. (225)

max{u,s} max{u,s}

Formula (2.2.5) verifies that (2.2.1) is the conditional expectation BE[W,, | F/].

2.3 Filtering derivation

The argument follows the proof of the baseline filtering theorem, Theorem 1.5. The only
new ingredient is that the test martingale has two orthogonal measurement rows and the

delayed public news is the centered innovation (2.1.10).

Exponential tests

Fix deterministic test functions ry,rz and define
Ay = 160 [(dIY) Ty (0) + @L) Tr2(t)] . g0 =1. (2.3.1)
The candidate W/ (u) is the conditional expectation of W, if and only if

E[W; (u)¢,] = E[W,¢,] for all ry, 7. (2.3.2)

Left-hand side

Write the candidate innovation-form dynamics for a fixed coordinate u as
dWi(u) = By (u, t)dI™Y + BY* (u, t)dI. (2.3.3)
Since the two innovation rows have no mixed quadratic variation, It6’s product rule gives

d(W} (u)r) = TW; (w)e (dIF) Try () + W) (w) e (dI77) Tr(2)

+ ¢y By (u, t)dI}Y + ¢ By (u,t)dI}
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+ iy By (u, t)ry (t)dt + i By (u, t)r5(t)dL. (2.3.4)

Using (2.1.11)—(2.1.10) to collect the dt terms,

SEIW o) = iE[o0 (W) [ G (0w + B u,0)) re 9
1E[¢t<W2 / (rdWT + BY(u, ))]rz(t). (2.3.5)

No additional predictable residual appears because I*Y and I*# are already centered

relative to F}_.

Right-hand side

For the private row,

1 1, ) ) %
—EW, ()T | Fi { / VAW | F ] LB T gy
= Wi ( / rYdWi_( +/ 0,Ci_(u,r)CyY (r)Tdr
-+ EbT ]-{uZt}; (236)

where Ci(u,r) = Cov(W,, W, | F{). For the delayed public signal, the same calculation
applies to the centered innovation (2.1.10). The martingale part arrives at s! and the
drift row is C*Z, so
SEWAL)T | FL = W) [ GEOATE0) + [ 0,01 (u,r)Ci7 () dr
+E ’ l{tZAi}]'{UZSi}' (237)
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Combining,

d

. . . t . ~ )
GEWuo) =B o (Wiw) [ € )W)+ [ aCitwr)CY () dr + B 1z ) | (0
oy . . t ) iy
+iE [qbt (W;(u) / G2 (1) Wi () T + / 8TCi(u,r)C'Z’Z(T)TdT—FEZ’T1{tZAi}1{u>si}> ra(t).
0 0 =
(2.3.8)
Coefficient matching
Matching (2.3.5) and (2.3.8) for arbitrary ry, 7z gives
. t . ~ .
By (u,t) = / 9, C(u, r)CPY (r) Tdr + E" s, (2.3.9)
0
, ¢ .
B (u,t) = / 3, Ci(u,7)Cp? (r)dr + E? Lo anliusa- (2.3.10)
0 =8
Differentiating these expressions in the source time u gives, away from jumps,
dy(d,Wi(u) = CY (u)TdIFY du+ CH (u) T dIM du. (2.3.11)

Equation (2.3.9) jumps at u = t, giving the private birth, and (2.3.10) jumps at u = s¢,

giving the delayed public birth.

Primitive-shock expansion and the two birth terms

Integrating (2.3.11) over observation times gives

d, Wi (u) = E*TdIY + 1pin,<n B TdI7 A

to_. . . .
+ ( / Oﬁ’y(u)TdIﬁ’Y) du + ( / Cﬁ’Z(u)TdIﬁ’Z) du. (2.3.12)
Substitute (2.1.11) and (2.1.10). The direct private term is

ETALY = 1w, + BT [ "G (5)dW, du. (2.3.13)
0
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The direct delayed public term is

. u+A; .
Liwinie EZ 1AL 5 = L n,<qTTZdW, + Liga, < BT /0 CoZa (8)dW, du.

(2.3.14)
The accumulated martingale updates contribute
t . X t—A; ~i
/ CoY (u)T ELdW, du, / oy Ll () 2V, do (2.3.15)
u max{0,u—A; ¢

The accumulated drift updates contribute, by stochastic Fubini,

t t . .
/ (/ C’ﬁ’y(u)TCﬁ’Y(s)dr> AW du,
0

max{u,s}

/Ot < /I: éj,Z(u)Tég,Z(s)dr> dW du. (2.3.16)

ax{u,s}

Collecting the coefficient of dW du gives (2.2.5). The singular direct terms give the two
direct pieces in (2.2.1). The candidate representation satisfies the test identities (2.3.2);

uniqueness follows from It6 isometry as in the proof of Theorem 1.5.

2.4 First variations and delayed-public adjoints

A deviation misleads private learners today, but the manipulated component resurfaces
when the public news arrives at delay Ag. Player ¢ pays for moving the drift of the
delayed public signal when that signal reaches opponent k, and its belief price jumps at
that date; together these are the marginal cost of that second effect. Each opponent now
carries two observation rows, the private row and the centered delayed public innovation.

Fix the deviating player ¢ and freeze opponents’ strategy maps and filters. For

k # i, write 6w (u) for the density variation of opponent k’s noise-state and § X, for the
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physical-state variation. The induced opponent-control variation is
§D* = / D*(u) dw(u) du. (2.4.1)
0

Opponent k observes at time s the public signal generated at source time g, = s = s—A,,.
Write 5b§€ for the variation of the predictable drift of that public signal. In the affine

example b7 = B%(qx)Xq, + X, BE(qr) D]’ + U7, this means

qr— qr’

9k
0bg, = BX(a1)0 X, + % BZ(qi) /0 D™ (r)ow™ (r) dr, (2.4.2)
with the right-hand side zero if g lies before the initial perturbation date. The deviating

player’s own instantaneous effect through BZ (qk)D;k stays out of the forward variation

system and enters the first-order condition below directly.

Forward first-variation system

Opponent k’s private residual is

ntY .= BYF(s) <5XS — /OS X, (r)ow™(r) dr) : (2.4.3)

The subtraction leaves the part of the state variation opponent k has not yet inferred.

The centered delayed-public residual is

7= 1 ag (5bi - /0 C?%(qy,r)ow (r)dr — Ezéwf(qk)> , = s — Ag.
(2.4.4)
The last term is the first-variation counterpart of the centering correction —EZF* (g, -)

in the delayed public innovation.
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Existing noise-state coordinates satisfy

dyowk (u) = C*Y (u) kY 4 CFZ (u) TnkZ, u < s, (2.4.5)

S

with two birth conditions, one at the current date and one at the arrival date,
5w§(s)‘ = ERTpkY, Swh(s — Ak)‘ = 1(on BZ T2 (2.4.6)

The physical variation satisfies

L 5x, = BX ()X, + Y B (s /D’f Yowk (u)dut+ S B (s / DY (u)swt, (u)du,

" - o (2.4.7)
where dw? = 0 before the perturbation date. The last sum in (2.4.7) is what opponent k
decided 7 ago, on the beliefs it held then. The deviating player’s spike now produces
two impulses, X, = v := BX(t)z when it acts and a jump @ := BX(t 4+ 7;)z at the effect
date. Equations (2.4.3)—(2.4.7) are the delayed-public analogue of the baseline forward

variation system.

Forward transfer functions

For s > t, define the forward transfer functions by the response to initial data

(0Xy, 0w (), m # i:

5X, = XX (s, t)u + Z/ XM (s, 1, u)dw (u) du, (2.4.8)
m#£i
Swh(r) = &8 (s,t,r)v + Z/ dF™ (s, ¢, 7, u)dw!™ (u) du. (2.4.9)
m#£i
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The initial conditions are

XNt t) =1, "t t,r)=0, O "(t,t,u) =0, O"(t,t,r,u) = Lypmyd(r —u),
(2.4.10)
where the last identity holds weakly.
Define the residual transfer coefficients obtained by substituting (2.4.8)—(2.4.9) into

(2.4.3)-(2.4.4). For a physical initial perturbation v, set

VEX (s,1) == BV (s) (@XX@,t) — [( X ) s, ) dr) , (2.4.11)
0
and
ZM(s,t) = 10,y 5bqZk’f§ —/0 C?(qy, )" (s—,t,r)dr
(2.4.12)
— BZoM (s— 1, Qk)] s Q=5 — Ay,
where
Obger = B (a1) 2" (g, 1)
(2.4.13)

9k
+ B a) [ DL )8 (g, t.r) dr.
0§

with all transfer functions at g, < t read as zero in the first two terms. Similarly, for an

initial belief perturbation in block m,
VE™ (s, t,u) == BY"(s) (@Xm(s,t,u) —/ X (r)®*™ (s, t, 7, u) dr) , (2.4.14)
0
and

ka($> t u) = 1{52Ak} qrst

5bz’km(u) — /s CZ(qk, r)@km(s—, t,r,u)dr
0

(2.4.15)

— BEZoF™m(s— t, qk,u)] )
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where

qr
SH2EM () = B (qi) @™ (gi t,u) + 3 BZ (q1) /0 DL (1) (gy,t, 7, u) dr. (2.4.16)
(£

The transfer functions solve the forward equations

0,85X (s,t) = BX(5)0*X(s5,£) + " BX(s) /0 DF(r) X (s, 1, 1) dr

ki
+B) [ D ) s = ) dr (2.4.17)
0s0X™ (s, t,u) = By (s)®¥™(s,t,u) + gﬁ: Bi¥ (s) /Os D¥(r)®" (s, t,7,u) dr
+ ; B,f(s) /Os_m Df_m (r)®F™(s — 74, t, 7, u) dr, (2.4.18)
D, (s,t,7) = éf’y(r)Tka(s, t)+ éf’Z(T)TZkX(s,t), (2.4.19)
D D*™ (s, t,r,u) = CFY (1) T Y™ (s, t,u) + CZ(r)T 27 (s, t, ), (2.4.20)

for old-history coordinates, those already born and away from the two birth lines, together

with the two boundary updates

O (s,t,5)| = EMT Y (s,1),
D™ (s, 5,u) v = ERTYr™ (s ¢ ), (2.4.21)

OFX (5,1, 5 — Ay) ;= Lissag B2 T 28 (s, 1),

dF™(s,t, 5 — Ap,u) ;= Lissag B2 T ZFm (st u). (2.4.22)

Transfer functions with a time argument below ¢ are zero, so the delayed rows are inactive
until s = t+ 7. The deviating player’s delayed impulse stays outside the forward variation

system; by linearity it contributes ®XX (s, ¢ + 7;)0.
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2.4.1 State price, belief prices, and cost variation

Let
L= GXN(s) X, + G+ GXPi(s)DE,  Lh = G5 Xy + Gy (2.4.23)

L’ and L% are the running and terminal marginal costs of the physical state. Pairing
the forward state response with future marginal costs gives the state price and the belief

prices:

. T . .
HY ;:/ XX (5, 4)TL ds + XX(T, )T L., (2.4.24)
t

) T ) )
HE (u) = /t Xk (s,t,u) L ds + &85 (T b, u) T Lin, k£ (2.4.25)

Here ®X* is the state response to an initial perturbation of opponent k’s noise-state
coordinate.
For a control spike z € L*(Q, Fi; R?), the normalized first variation of player i’s cost

is

0Ji(2)=E [T (GPPH(t) D+ GPX () X+ BY () H ™ + 1 (pymery BY (t47:) THNL ) | F

+E |2 B/ (1) Y 1qya,<ry (B HE) | (2.4.26)

t+A t
ki ok

when the deviating player’s predictable action enters the public-signal drift through
BZ(t)Di_. 1f B = 0, the second line drops out. The new term in the first line is the

state price at the effect date.

Backward equations

The two birth conditions of the forward system, at the private date and at the delayed

public date, enter the backward system through two forms of the filter contraction B
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of Chapter 1, equation (1.4.9), which contracts a belief price against the observer’s own

filter. The filter contraction of the belief price is
BrEEE = BEHE / Ei(r) dr. (2.4.27)

This is the price, for player ¢, of moving opponent k’s private signal-source drift at time .
The delayed-public analogue, generated at source time s and observed at s + Ay, defines
the delayed contraction B%Z built from the centered public innovation (E#, CckZ ); player
1 pays it at the source time s:

(%k,ZHk,i)

s+Ap<+s '

y s+Ak _ i
= Lsta<my (E Hia, (s +/ s+Ak PV H A, (r )dr).
(2.4.28)
This is the price of moving the drift of the delayed public signal row at its source time s.
The first term in each display is the transpose of the birth condition (2.4.6); the integral
term is the transpose of the drift update (2.4.5).

Differentiating the transfer representations (2.4.24)—(2.4.25), using the forward equa-
tions (2.4.17)—(2.4.22), and collecting the coefficients of X and dw* gives the equations
below. With delayed rows the forward system is a linear delay system, whose adjoint
carries advanced arguments; the coefficient of dw?(u) then collects the state price at t

and at t + 7.
d

dthXZ = —L! — B¥(t) -S> (2.4.29)

k#i

where

Vit = By*(t) T H + 1{t+Ak§T}B)Z((t)T(%k7ZHk7i) (2.4.30)

t+Apt

The belief price satisfies, for old-history coordinates other than the one whose public news
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arrives at t,

d . T ; i
G ) = = (BEODE) HY = Ly (B (¢ 4+ 70) Dy () HiY,
+ X;(w) " By* () T BF H
) N (2.4.31)
+ 1{t2Ak}C (t — Ay, u) (% H )t<—t—Ak
T / !
_ Z 1{t+Ak,§T} (Bkz(t)Df(u)) (%k ’ZHk ’ )H-Akm—t'

ki
When the news about the coordinate u = t arrives, at time t + Ay, the centered delayed-
public innovation adds a jump, dual to the centering term —FEZdw” (q;) in (2.4.4):

Hif s (1) = HE A, (1) — B2 (B52 HM) (2.4.32)

t+Apt

Equations (2.4.29)—(2.4.32) reduce to the baseline adjoint system when the delayed public
signal is absent and BX = 0. The second term in (2.4.31) is the delayed-action term, the
state price at t + 7, which a backward sweep has already formed. Equation (2.4.29) is
unchanged because a delayed control is noise-state linear, so its variation in (2.4.7) is

driven by dw;® . ~and not by 4.X.

First-order condition

Since the best-response problem is strictly convex in the deviating player’s L? control,

stationarity of (2.4.26) for every z € L%(Q, Fi; RY) gives

G PPt D + E [GDX’i(t)Xt + BX () TH 4 Ly ery B (t+ 7)) THYY,

| (2.4.33)

+ BT Y Ly ager) (B H)
ki

]—“;} =0.

t+Ak +—t
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Write B4 = XY 4 7 HXS (u) dW,s then E[HYS | F = BXS + 8 HY (u) dTV (u),

and apart from the public-drift term the equilibrium kernels are
Di(u) == G220y [GPX(0) Xy )+ BE ()T HY ()4 Ly B (t47) THYE ()], ust.

The coordinates u € (t,t + 7;], noise that arrives between the action and its effect, carry
no information at ¢t and drop out.

This is the mirror image of the delayed public signal. A delayed action moves
opponents’ beliefs when player i takes it and the state when it lands, so the player pays
the wedge at t and the state price at t 4+ 7;. An action that opponents see only through
the delayed public signal moves the state at ¢ and their beliefs when the news lands, so
the player pays the state price at ¢t and the wedge, through B%7 at t + A,. Each effect
is priced at the date it arrives and projected on the information of the action date. The
finite-deviation identity of Corollary 1.11 carries over with the delayed public row and
the delayed control rows appended, since both are deterministic causal functionals of the

realized control.

2.5 Conclusion

Delayed observations add a second birth line, u =t — A; in (2.2.4), to the filter kernel F*;
the noise-state coordinates Wg(u) are unchanged. Theorem 2.2, the main filtering result,
verifies the delayed noise-state filter representation. The two birth lines reappear in the
adjoint as the public birth term EZHfijk(s) in (2.4.28) and the jump at the arrival date

(2.4.32), and in the first-order condition (2.4.33) through B"Z.
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Chapter 3

Stationary Infinite-Horizon LQG

In the finite-horizon chapter every kernel depends on two calendar dates, the source date
of a shock and the date of its evaluation. Here the calendar drops out and only ages
remain, the age of the shock and the age of the belief about it. The causal triangle of
Chapter 1 becomes a lag quadrant, the quarter plane of two nonnegative ages.

First, every impulse response function becomes time invariant, and a simple recipe turns
the identities of Chapter 1 into stationary ones. The stationary system is therefore easier
to compute and plot. Most work building on these methods would study stationary cases.
An economic system that has settled into stationary equilibrium under one policy, like the
economy behind an estimated Phillips curve, begins any new regime from that stationary
state. The response to the shift is a nonstationary problem, so studying a regime change
means solving the stationary problem first. Second, much of the literature studies the sta-
tionary case through the frequency domain [60, 64, 101], so working in the stationary case
makes comparisons easier. Third, the stationary case makes it easier to see how close the
system is to Markovian. A stationary linear Markov process has impulse responses that are
combinations of exponentials, so how well such combinations fit the kernels here measures
how far the equilibrium is from finite-dimensional. Finally, this chapter is the setting of

the Kyle-Back analysis. The stationary deviation calculus of Chapter 4 runs in the lag
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coordinates introduced here, and its equilibrium condition plays the role of Proposition 3.1.

3.1 Stationary profiles, lag coordinates, and forward
filtering

The time-homogeneous primitives are

dX, = <B§§Xt +> BADM+ Y BﬁD;ﬁm> dt + o dW}, (3.1.1)
m=1 m=1

dy; — (B}?ixt s B,f;iD;n)dH EdW,  i=1,...,n, (3.1.2)
m=1

iz, — (B)Z(Xt + 3 BﬁD;ﬂ)dt + B dw,. (3.1.3)
m=1

Two delays are allowed. A control may act on the state after a lag 7,, > 0 (the Bfrf TOWS;
D7 := 0 for s < 0). The public signal Z is observed by player i with delay A; > 0, so
that 7/ = o (Y, :r <t)Vo(Z, :r <t—A;), with the rows normalized and orthogonal
as in Chapter 2: E'E'T = I, E?E?T = I, E'E#T = 0. Private rows may also carry
other players’ predictable controls (observed actions, BY?). Setting Bgi =0, BY" =0 and

dropping Z recovers the baseline. Here W = (W° W1 ... Wm),
Hi — EiTEi, Pz — (B§7i)TB)Y(’i,
Player i’s discounted objective is

JZ:§E/0 e_pt [XtTGXXvZXt_{_2(GX,Z)TXt+2(D2)TGDX,7,Xt+(Dz)TGDD,zD;] dt, p>0’
(3.1.4)

with the joint running Hessian positive semidefinite.
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All lags are calendar time minus source time:
a=t—s5>0, b=t—u>0, (=t—sekR. (3.1.5)

Delays are fixed ages. The variables a, b are ages of past state and noise-state coordinates.
The adjoint lag ¢ is two-sided; future source times have ¢ < 0. Brownian motions are
extended to two-sided time for adjoint formulas.

The front-matter Notation reference collects the finite-horizon-to-stationary trans-
lation. Every lowercase object below is the corresponding Chapter 1 object after
calendar time drops out. For adjoints the lowercase kernel is the current-value form,
Kt — s) == eP H;Y"(s) and Wi (t —u,t — s) := e’ H}""(u, s), which is why ph appears
in (3.2.9) in place of the finite-horizon time derivative.

A stationary noise-state linear profile has
Di=d+ / d'(a)dWila),  dWi(a) = dE[W;_, | Fi]. (3.1.6)
0

The same weight d’(a) applies at every date to the player’s belief about a shock of age
a. With the delayed public row the noise-state has the representation of Chapter 2
in age form, dWi(a) = T dW;_, + Lgsay 1% dW, 4 + (fooo fi(a,b) dW,_y db)da, with
[1Z = EZTEZ and f%(a,b) the kernel from the coordinate of age a to the source of age
b. Shocks older than the delay are also known through their public increment. The
profile is admissible if the displayed integrals are square-integrable, the induced filtering
operators are bounded, and the closed-loop response kernels below decay fast enough for
the discounted cost and all integration-by-parts identities to be finite. The discounted
boundary terms generated by integration by parts vanish at long horizons, which is the
transversality used in Proposition 3.1. A stationary equilibrium in this class is a stationary
profile for which no player can reduce (3.1.4) by a unilateral stationary noise-state linear
deviation.
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The finite-horizon state-response equation

0: Xy (s) = By X4(s) + znj Biy Dy (s), X,(s) = (0,0,...,0) (3.1.7)

m=1

becomes, with X;(s) = z(t — s) and Dy, (s) = dy(t — s),

7'(a)=Byz(a)+ > Badi(a)+ > B lusnadip(a—7y), 2(0)=(0,0,...,0), x(a)—0.
m=1 m=1
(3.1.8)

The stationary mean satisfies

0=BYXX + znj BXd™ + znj BXam. (3.1.9)
m=1 m=1
For filter kernels F}(u,s) = fi(b,a), so 0, = 0y + 0,. For adjoint kernels H,(s) = h({), so
0; = 0y; with a noise-state coordinate b =t — u, the transport derivative is d, + ;.
Each instant a new shock is born unknown and every old shock is known a little better,
so each shock’s uncertainty falls over its lifetime while the cross-section of uncertainty
over ages stays fixed.

The control kernel in primitive-shock coordinates is
diy(a) = d(a)(T0 + 1(us0T17) + /0 &' () (b, a) db. (3.1.10)

This carries the policy kernel d’ into primitive coordinates: how player i’s control answers

a shock of age a. The unresolved state response is

#(a) = a(a) (I — I — 1pny117) /0 "2 (B) £ (b, a) db. (3.1.11)

This is the state’s response to a shock less the part player ¢ has already resolved, privately or

through the public row. The private row’s drift kernel is ¢*Y (a) = By'z(a)+3,, B 5 (a)

and its unresolved part ¢*Y (a) = ¢ (a) (I—Hi—l{a>Ai}Hz> — [ Y (b) fi(b, a) db; without
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observed actions &Y = B};W The delayed public row generated A; ago has drift kernel
c?(a) = BZx(a) + 3, BZd%(a) at its source time; its centered innovation kernel at the
arrival date is (Chapter 2, in ages)
&7 (a) = (a— A (I~ I Lo pyI17) — /0 T AN b, a)db— EZfi(ALa),
(3.1.12)
with ¢Z(b— A;) := 0 for b < A; (the row generated A; ago loads only on shocks that
existed then). In the last term player ¢ subtracts what it had already inferred about the

arriving public increment. The stationary filter is

(O + 0,) fi(b,a) = &Y (b) &Y (a) 4+ &7 (b)TE" (a), ba>0, bya#A;, (3.1.13)

fib,0)=Y®)'E,  b>0, (3.1.14)
fi0,a) = ETEY (a), a>0, (3.1.15)
Fib, )|, =d7®)TEY,  fi(Aa)| = E7TE (a), (3.1.16)

the last line being the second birth, at age A;, when the public news about a shock
arrives, with -|z the EZ block. With BY" = 0 the private source is #(b) " P'7(a) and the
births are #(b) T (BX')TE’, E'T BY'#(a). Equivalently, for b # a and, when A; > 0, away

from the arrival age b = A; or a = A; (where the public birth adds the analogous term),

Fi(b,a) = #(b—a)T(BYTE + / Fb— o) P#(a—c)de, b>a, (3.1.17)
0

Fib,a) = ETBYF (a — b) + / F(b— )T PiFi(a — ¢) de, a>b  (3.1.18)
0
The diagonal is a separate pointwise convention,
fi(a,a) = fiagla), (3.1.19)

and does not affect the integral equations.
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Figure 3.1: Channel decomposition of the W channel of the stationary filter kernel
f1(b*,a) at two coordinate ages b*. The loading on the opponent’s signal noise is nonzero
only because that noise moves the opponent’s actions and through them the state.

—— fundamental channel W*
signal-noise channel W'

1.01
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source lag ¢ (future side ¢ <0, past side £>0)

Figure 3.2: The stationary two-sided state price h*1(¢) in the symmetric two-player
benchmark (p; = pa = 3, 11 = ro = 0.1, average cost), from the spectral solution with 32
Chebyshev points per side.

The numerical benchmark is the stationary form of the tracking example of
Chapter 1. The state is scalar with dX; = (D} + D?)dt + dW}, each player observes
dY; = Vi X¢dt + dW} with p; = p, = 3 and r; = 75 = 0.1, and the objective is average
cost. Section 3.2 also varies each precision from 1 to 20 with the other held at 3.
Proposition 3.1 verifies the discounted system, so these computations solve the formal
average-cost stationary equations, the p = 0 form of that system, rather than a verified

optimum. Figure 3.1 shows the resulting kernel, with one curve per primitive shock.
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3.2 Current-value adjoints

The unprojected state price is two-sided:
HY = b / WX (0) AWy, (3.2.1)

The player cannot act on future shocks, so the control uses the conditional expectation of

this adjoint given F}.

D} = —(GPP) R [GPNX, + (BY)THE e (BT H

+ Z(Bz}/,k)T%kHtk,i + Z e—pAk(BiZ)T (%k,ZHk,z)
ki ki

7.

(3.2.2)

t+ A<+t

In the last two sums player i prices what its action does to opponent k’s beliefs: H*? is its
belief price on opponent k’s noise-state, and B* and B%% contract that price against k’s
private and delayed-public filter rows, both defined immediately after (3.2.4). The sub-
script 1A, <+ means a row generated at ¢ and evaluated on arrival at t+Ay,. In (3.2.2) and in
the proof of Proposition 3.1, HtX * and Ht’C " are the current-value adjoint processes, e’ times
the costates of the discounted objective. Player ¢ prices a shock’s consequences through lags
on both sides of the present. The negative lags show the benefit of acting on future shocks,

and that benefit decays slowly with distance. The fundamental channel of A%+

, its loading
on the state noise, still holds a fifth of its peak two lags into the future, while two lags into
the past it is nearly gone (Figure 3.2). The signal-noise channels, the loadings on the play-
ers’ signal noises, behave differently at the boundary. A noise shock harms only through
the responses it triggers, and at arrival no player has responded to it yet, so the channels’
price peaks a short interval after the shock arrives. That near-boundary peak is the early
peak. The peak lag shrinks as player 1’s own precision grows, since faster filtering corrects

the belief error sooner, from lag 0.11 at p; = 1 to 0.02 at p; = 20 (Figure 3.3). The depth

is not monotone in py; it is largest near 4. The opponent’s precision works the other way.
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Figure 3.3: The early peak of h*'! against precision: lag and depth of the minimum of

the signal-noise channel as the observer’s own precision p; (solid) and the opponent’s po
(dashed) vary, the other held at 3. Two hundred equilibria per curve from the spectral
solver.

A more precise opponent responds to the shock sooner and more accurately, so the price of
the noise shock falls, from —0.70 at p; = 1 to —0.12 at py = 20, and its peak moves later.
Only lags ¢ > 0 are estimable at time ¢, so
di = —(GPDi)~1 |:GDX,1‘X_|_(BiX_'_e—pTiBiX)ThX,i_i_Z(BiY,k)T%khk,i
ki

—l—Ze*pA’“ (BZ)T <%k,Z}_lk,i>:| ,
e (3.2.3)
d'(a)=—(GPPH) G (a)+(BY) ' hY (a)+e T (BX) Th Y (a+ 1)

+ (BB (a)+ e A (BY) T (B2 1) (a)}, a>0,
ki ki
with the right trace h*%(0") used at @ = 0. Each term of (3.2.3) is an adjoint evaluated at
the lag at which its effect occurs, and all are projected on F;. When player i’s action takes
effect 7; later, the shock it reacts to now is 7; older, so the player reads the state price 7;
further along the past-lag side; coordinates with age below 7;, noise born between action
and effect, drop out. An action the opponent sees directly is priced now, by contracting
the belief price against the opponent’s private filter row; an action that reaches the

opponent only through the public signal is priced Ay later, when that signal arrives.
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For opponent k # i, write
HE (b) = B (b) + / TR0 AW, b > 0. (3.2.4)

The values at b = 0 are right traces. Write the private and delayed-public contractions of

a belief price against opponent £’s filter as

BFR(0) = EYR(0T, 0) + /0 Y (b) (b, 0) db,

(BE2R)(0) = B2 (AL, £+ Ay) + / T (B) (b, € + Ay) db,
0

Define
oM = (BY")TBERM e (BY)T(BRM), o = Yo, (3.2.5)
kit
vk,i(é) _ (B};’k)T‘Bkhk’z(@ + eprk (B)Z()T <%k,th,i) (6), Uz(g) _ Z Uk,z' (6) (326)

ki

Without the public row or observed actions the first terms reduce to the baseline: birth
term (BX")TE*R®(0F, ¢) plus accumulated drift inference P* [ #*(b)R* (b, £) db. When
player 7’s own control enters opponent k’s private row (BZY ok # 0) the deviation moves
that row directly. Its price (Bly ’k)T‘B’“hk’i enters player i’s first-order condition above
rather than the state price, as the public-row term BZ does. The sums #° and v' are
the information wedge, the price of moving another player’s beliefs, now including what

the delayed public news will reveal.

The mean adjoint equations are

jbh’“‘(b) = ph*i(b) — ((BY + e ™ B )d’“(b))TﬁX’i + 5 (b) TBF M
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+ (b - AY)TBMRM - 3 et (BZAND)) YIRS, R (b) - 0,
k£

(3.2.8)

Set x4 () = 1p>0x(f). Away from ¢ = 0,

DX (0) = ph¥i(0) — X% (0) — GXPadiy,  (€) — (BX)THY(0) — (1),
R (0) — 0 (] — 00), (3.2.9)

(0o + D) (b, 0) = ph* (b, 0) — (BEd (b)) Th¥ () — e (BY d’“(b))ThX’i(é + 7)

+ Y (D) TBERE(0) + (b — Ag)T(BEZRM) (€ - Ay)
=Y et (BZAM (b)) (BEIRE ) (o), (3.2.10)
k' #i

where Y (b) = &Y (b) — B,i/’kdk(b) is the old-history coefficient of opponent k’s private row
(the opponent’s own control is removed because its response to its beliefs is priced through
d¥). In the baseline r*Y (b) "Bk = x(b) Tv** and diy, , (£) = Leodyy (¢€). Opponent
k’s delayed control moves the state 7 later, so player i prices that response at ¢ + 7.
The delayed public signal enters twice. Opponent k now reads the public increment
generated A ago, which loads on the coordinate through ¢Z(b — Ay); player i prices
it with the contraction at arrival, (B*Zh*%)(¢ — Ay). The row generated now carries
opponent k’s response BZd*(b) and is observed by every opponent k" at ¢ + Ay, priced
by e=PA% (BFZhK1) (). At the arrival age b = A the belief price jumps by the centering

trace,
WEHADL0) — BP(AF, 0) = —EZT | EZRM(AF ) + / TR M) (b, 0 db|,  (3.2.11)
0

the stationary form of the jump condition (2.4.32) at the arrival date. The belief price

h*i(b, £) decays as b — oo and |¢] — oco.

Proposition 3.1 (Stationary verification). Fiz a stationary admissible profile. Suppose
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its kernels satisfy the forward equations (3.1.8)—(3.1.19), the adjoint equations (3.2.5)—
(3.2.10), the jump condition (3.2.11), the first-order condition (3.2.2), and the stated
decay/transversality conditions. Then each player is a stationary best response in the
noise-state linear class. If the Schur complement S* = GPPi — GPX+ (GXX’i)+GXD7i Vi

(GPX = 0 is the tracking case, where S* = GPP) the stationary best response is unique.

Proof. Apply the discounted spike variation of Appendix 1.B.2 on [0, 7] with opponents’
stationary maps fixed, and let 7' — oo. The limit is taken as the definition of the station-
ary problem, with the two-sided adjoints (3.2.1) the objects verified against; convergence
of the finite-horizon adjoints to them is not proved here. Write the kernels of (1.B.10)

in lag coordinates and in current value. The first variation of J* in a direction z is then

T o ) ) ~
=E /0 et y] (GDD”‘Dz + GPYIX, 4+ (B TH 4 (B TH L

+ Z<B2’,k)T;Bka,i + Z e—pAk (BiZ)T (;Bk,ZHk,i>

t+A t)
ki ki ok

plus boundary terms. The finite-horizon adjoints H;X, H(-) become the two-sided
current-value adjoint (3.2.1), and (3.2.5)—(3.2.6) are the stationary form of the information
wedge of Theorem 1.8. Integration by parts gives the boundary terms at 0, at 7', and at
lag zero, £ = 0. The boundary terms at age zero are the axis birth terms (3.1.14)—(3.1.15);
the terms at ¢ = 0 cancel because bounded sources keep the kernels continuous there;
the terms at the arrival age b = A are the centering trace, which the jump condition
(3.2.11) absorbs; the terminal term vanishes as 7' — oo by the transversality condition

in the admissibility definition. The remaining variation is

]E/ e 2 B[ - |F]dt.

with the bracket of the display above inside the conditional expectation, and this is zero

by (3.2.2). The cost is convex, so the profile is a best response (Corollary 1.11); under
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the Schur condition it is the unique one. O]

3.3 Transform identities

Delays enter the transforms as exponential factors. A delayed control row contributes
BXermdm (p) to (3.3.1), the delayed reads h(f + 7), h(f + Ag) become ™ h(w),
ei‘*’A’“B(w), and the births at the arrival age A; add e ??i- and e~ %*-weighted boundary
transforms to (3.3.2). The formulas below are written for the baseline.

The transform formulas are not needed for verification, but they help when solving the
stationary kernels. The objects transformed here include the belief prices and the wedge,
which the competitive setting of the frequency-domain literature [60, 64, 101] forces to

zero. For one-sided lag kernels set

and

The state equation gives

(0] — BY)E(p) = 2(0) + 3 B (p). (3.3.1)

m=1

For the filter boundaries,

)= [P 0.0 b= )T (BY) T
0

firola) = [ e (0,0) da = BT BY ().
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Together these give

P+ a)f(p,q) = fio(p) + fig(q) + T'(p) P'i(q). (3.3.2)

For adjoints use the two-sided transform

h(w) = [ O:o e R0 d.

The kernel A+ is continuous at £ = 0, with a kink there rather than a jump (Section 3.A),

so transforming (3.2.9) on the two half-lines produces no boundary term:

v

(BT = (p— i) 1) X (w) = =G*Ni (w) = Gy, (w) = ' (w).  (3.3.3)
For belief prices define

W) = [T [ ek, ) de ab,

Yhic 0wl ki
R () _/ Wk 0+ 0) de,
—o0
with h¥® continuous across ¢ = 0, since its sources are bounded. Then

(p+iw — p)h(p,w) = hig" () — (B d"(p)) W (w) + 2(p) T (w). (3.3.4)

3.4 Rationality and finite-dimensional state

A one-sided kernel has a rational transform exactly when it is the impulse response of
a finite-dimensional Markovian system. If the equilibrium kernels were rational, the
noise-state would reduce to finitely many sufficient statistics and the stationary system
would collapse to matrix Riccati equations. The primitives are rational, and filtering

against a fixed observation structure preserves rationality. The equilibrium is different
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Figure 3.4: Singular values o}, of the four one-sided pieces of h*'!, with an exactly rational
kernel of degree two as control.

because each player filters observations that contain the other players’ filters. Each added
level of beliefs about beliefs [109] raises the degree of the transform, and the equilibrium,
sitting at the limit of the hierarchy, need not have a rational transform; whether the
hierarchy collapses is model-specific [64, 94].

The computed kernels show this. Each one-sided kernel has a sequence of singular values
01 > 09 > -+ - in which o is the Hankel-norm error of the best k-dimensional approxima-
tion, so a rational kernel of degree k has o4, = 0 [1, 44]. Figure 3.4 plots these values for
the four one-sided pieces of h*'! against a rational control of degree two. Its third singular
value is zero to machine precision. The equilibrium kernels’ singular values fall by a factor
of ten to thirty at each index and reach the accuracy of the computation, about 1071, by
the twelfth without hitting zero. No low-order Markov state reproduces them exactly. Past
the twelfth index the computation cannot distinguish a high degree from an infinite one.

The geometric decay is also a quantitative guarantee. A five-dimensional Markov
state reproduces the kernel to better than 107°, and each further dimension gains another
factor of ten. No k-dimensional model can do better than o, 1, and a truncated belief
hierarchy is in general not the optimal k-dimensional approximation, so its error can be
much larger than ox,;. Recent computational work on asymmetric-information LQG
games restricts strategies to a finite-dimensional state from the outset [48, 92, 112]; the

singular values lower-bound what any such restriction discards.
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3.5 Conclusion

The stationary system is the finite-horizon noise-state calculus with calendar time re-
moved, and its lag equations give the stationary notation the Kyle-Back chapter uses.
Proposition 3.1 verifies that an admissible stationary profile solving these equations is a
best response in the noise-state linear class, and the transform identities in Section 3.3
give an alternative representation for solving them. The uniqueness clause needs the Schur
complement condition (1.3.3), which fails at zero trading cost, so the Kyle-Back compu-
tations run at a small positive cost and Chapter 4 verifies through second-order checks
instead. Numerically, the computed kernels cannot be generated by any low-dimensional
Markov state, though low-dimensional approximations are accurate (Section 3.4). Whether

the infinite-horizon fixed point exists remains open.

3.A Computing the stationary equilibrium

Cutting off lags beyond L and placing them on a grid of fixed spacing turns the filter and
adjoint kernels into vectors indexed by age. Delays are shifts of the age index. The kink of
h*" at ¢ = 0 reappears at £/ = —7;, and £ = —A},, where the delayed kernels are evaluated,
and at age A; in the filter, so those points are panel boundaries in the spectral scheme.
The natural algorithm alternates between the filtering equations solved forward and
the adjoint equations solved backward with damping, and it converges on a coarse grid but
fails as the grid is refined. In classical filtering the update is nonexpansive because the ob-
servation structure is fixed in advance. Here the observation drift contains the equilibrium
kernels themselves, so the projection changes from one iteration to the next. The combined
step stops being a contraction as the kink at lag zero becomes steeper on finer grids.
Given the policy kernels, the filtering equations say that the belief loadings are the
least-squares projection of each primitive shock onto the observation history. The solver

computes that projection directly from the covariance matrix of the observations. That
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Figure 3.5: The signal-noise piece of h*:!: grid solutions on successively finer grids (green)
and the spectral solution with 24 points per side (black); spectral solutions with 8, 12,
and 16 points (dashed) are indistinguishable from it at this scale. Inset: the grid solutions
converging to the spectral one at the kink.

matrix is Toeplitz except in the rows for the shortest ages, and the conjugate gradient
method with a circulant preconditioner solves it [30]. Only the update of the policy
kernels remains iterative.

The grid scheme reads the state at the midpoint of each cell, which is an error of first
order in the spacing. The solutions on grids from N = 500 to N = 4000 points still move by
a few parts in a thousand between refinements. The reported figures therefore come from
a second discretization. The kernels are smooth on each side of lag zero, so each one-sided
kernel is represented by its values at Chebyshev points on [0, L], and each two-sided kernel
by two such sets on [—L, 0] and [0, L]. The projection, the adjoint transport, and the wedge
integrals become small dense matrices built from polynomial interpolation and Gauss—
Legendre quadrature, and the equilibrium is found by Newton’s method on the policy
values. With 24 points per side the solution is converged to 107!3, and a full equilibrium
takes about ten milliseconds on a desktop. The grid solutions converge toward it as the
spacing shrinks (Figure 3.5), and the depth of the kink agrees with an independent solution
by the Wiener—Hopf method [91]. The spectral solution reproduces the closed-form filter
of the uncontrolled problem to 3 x 1078, which is the size of the truncation at L.

Neural networks were also tried. At the fitting points, the networks reduced equation

residuals below 2 x 1073, yet still misrepresented the future-lag side of the fundamental
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Figure 3.6: A neural-network solution compared with the Wiener—Hopf solution of the
same system, with equation residuals below 2 x 1073 at the fitting points.

piece and the entire kink at lag zero (Figure 3.6). Small residuals at the fitting points
do not show that a network solution is correct, so any such solution should be checked
through the finite-deviation identity of Chapter 1.

The solvers, refinement studies, and figures in this chapter are the work of Claude
Fable 5, a large language model built by Anthropic [7], working under the author’s
direction. Interactive versions of the dissertation’s computations are collected at

sbabichenko.com/noisestate.
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Chapter 4

The Information Wedge in a

Stationary Kyle—Back Market

In a Kyle-Back market an order is at once a trade and a signal. It earns or loses money
at execution, and it changes what the market maker and the other traders infer from
order flow. This chapter prices that second effect for a market with finitely many strategic
traders, in a stationary, p-discounted setting. Time runs over the whole real line, with no
reset date; viewed from any anchor time, the state is each observer’s stationary beliefs
about past primitive shocks together with the current mispricing ‘Z’ — P;. Once the initial
date is sent to —oo the fundamental value and the price level need not be finite on their
own, but their difference and the price moves caused by a marginal order are. A marginal
order perturbs every other observer’s beliefs; call that perturbation a seed. The chapter’s
two main objects are the deterministic map that propagates a seed forward into future
prices and the backward adjoint system that prices it. The main result is a condition
under which a stationary candidate profile is a best response for one trader. When it and
the second-order condition hold for every trader, the profile is a stationary equilibrium

within the noise-state-linear class, whose strategies are linear in beliefs about past shocks.
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4.1 Introduction

Kyle’s model has one risk-neutral informed trader, noise traders, and a competitive market
maker [71]. The asset’s liquidation value is v ~ N (pg, Xo), and the noise traders submit
orders independent of v. The informed trader observes v and submits an order x; the
market maker observes only the combined flow y = x + u and prices it. An equilibrium
pairs a trading rule X and a pricing rule P so that the informed trader maximizes expected

profit and the market maker breaks even,
X(v) € argmgx]E[(v — Pz +u)x|v], Ply)=E[v|z+u=y].

In a single round this has a unique linear solution X (v) = f(v — po), P(y) = po + Ay,
with 8 = (62/%0)"% and X = 1(20/02)"/2, in which half the informed trader’s private
information is impounded and 1/ measures market depth.

Kyle’s dynamic version runs N such auction rounds over a trading day [0, 1]. The
equilibrium is recursive and linear, with price increments Ap, = \,(Az, + Au,) and
a residual variance ¥, that falls auction by auction, so the informed trader, to avoid
revealing too much at once, trades gradually and information enters the price over
the day. As the auctions are made frequent, the sequence converges to a continuous-

time limit with constant price impact A\ = (3q/02)!/?

and linearly declining residual
variance, ¥; = (1 — t)Xy. Back proved this continuous-time equilibrium for general value
distributions and a general strategy space [11].

The market maker remains competitive throughout this chapter. Its conditional-
expectation pricing rule is a consistency condition of equilibrium, and nothing here tests
the market maker’s own deviations. Monitored deviations by a quoting market maker
need the tools of Chapter 6 together with the lag coordinates of Chapter 3.

With several informed traders, each must forecast what the others infer from the

order flow they jointly generate, the “forecasting the forecasts of others” problem of
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Townsend and Sargent [104, 109], which in principle lets the state grow without bound, as
traders forecast forecasts of forecasts. The canonical multi-trader extensions stay tractable
through extreme symmetry in the traders’ information: every trader’s signal is drawn
from the same distribution, with identical variance and pairwise covariance, and each
trader receives exactly one signal, at time 0. Under that symmetry the average signal
is a sufficient statistic for the price and the regress collapses to a finite state. Holden
and Subrahmanyam [56] take the symmetry to its extreme: every trader observes the
same v. Competition becomes a “rat race” in which even two traders reveal almost all of
v at once, so that, unlike the single-trader case, the market becomes infinitely deep in
the high-frequency limit. Foster and Viswanathan [38] keep the symmetry but let the
common signal split into correlated pieces of equal quality. As traders learn the others’
pieces from the order flow, the conditional correlation between their residual signals falls
and can turn negative, so an early “rat race” gives way to a “waiting game” in which each
trader holds back and hopes the others move the price. Competition shifts regime over
the trading day. Back et al. [13] carry this imperfect competition into continuous time.
A parallel line reaches the single-insider equilibrium through enlargement of filtrations
and dynamic Markov bridges [24, 29]. The construction is exact and general in the value
distribution, but its scope is the same corner: one insider, one static endowment, one
scalar quantity to be revealed. The obstruction is a filtering one. Estimating X from
X +ex and Y from Y + ey are standard problems; estimating both from X +Y +ex 4y
is not the sum of the two. The order flow filtered by the market maker is exactly such a
superposition, built from every trader’s response to their own shock history and arriving
continuously. Most models descended from Kyle remove the superposition problem
through the symmetry above. The exceptions are partial: one of two traders knowing
more [37], general information in a single round [72], continuous arrival to a single insider
[12, 31]. With continuous signal flows of different quality no single variable pins the

price, and each observer’s estimate needs its own kernel and its own belief price. For the
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same reason, price impact is trader-specific. Each trader’s kernels enter the superposition
differently, so although the instantaneous impact of anonymous order flow is common, the
priced dynamic response differs by trader; the symmetric models carry a single impact
coefficient in both senses.

The model takes the Foster—Viswanathan branch to a continuous-time, infinite-horizon
setting and relaxes its symmetry. In their model each trader ¢ holds one private signal
s; at t = 0, of fixed correlation and equal quality. The market maker prices the order
flow y = >, z; + u at the conditional expectation while tracking ¢; = E[s; | order flow].
The residual s; — t;, what trader ¢ knows that the market maker does not, is the finite
sufficient statistic that holds the regress in check.

Time runs over the whole real line rather than a fixed interval; signals arrive continu-
ously rather than once; their quality differs across traders; the fundamental is a process V;
rather than a single terminal value v; and the fundamental and the noise-trader flow load
on mutually orthogonal factor families. The public flow Z is Foster—Viswanathan’s order
flow , and X, carries the noise-trader variance o2. Each Y7 is the flowing counterpart of
the private signal s;, a noisy reading of the gap V; — P,.

Once signals flow, differ in quality, and read a moving fundamental, the symmetry
that reduced the state to a finite sufficient statistic is gone. The residual s; — t; gives way
to observer j’s noise-state over an unbounded shock history, with filtering encoded by the
deterministic kernel FY (r,u).

Trader 7 values future profit by the discounted analogue of the Foster—Viswanathan
objective, with the finite horizon replaced by the discount rate p and, as in those models,
the trader’s estimate V' in place of v under the conditional expectation. The per-period
price impact A, becomes a price-impact map A(t), and a marginal order moves the price
contemporaneously only in its range.

Two feedback loops matter. First, each trader forms a posterior from its private price

signal and trades on it; the same trade earns profit from the mispricing and enters the
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public order flow Z. The market maker and the traders then observe public order flow,
so exploiting information also changes the information environment (Figure 4.1). Second,
a marginal deviation has an immediate market-maker channel and an intertemporal

trader-feedback channel.

profit from

mispricing

: . D{V; — Py)
ate signal : t
/ posterior | D;
fundamental - \ - -
value noise public order |, | market-maker | [price
v traders flow Z posterior P
t /
?;ivate signals other traders Jtmde D}
. > 1
Y, j#£i posteriors

Figure 4.1: Information feedback around public order flow. The trader trades on its
posterior. The same trade is a payoff action, earning Di(V; — P,), and a signal, because it
enters public order flow. Other strategic trades and noise-trader demand also enter Z.
The market maker updates its posterior on public order flow and sets the price from it;
the traders update on the same flow.

The belief-price method of Chapter 1 prices that second, intertemporal channel:
here the beliefs a deviation manipulates are the ones the market maker and the other
traders form from public order flow rather than from an abstract state signal. In Foster—
Viswanathan a trader who has deviated carries one extra scalar, the gap between the
equilibrium-path price and the realized price, to summarize past off-equilibrium play; here
the deviation is priced at the margin. Perturb trader ¢’s order at time ¢ by a marginal
spike z. Because the order enters the public flow Z, it changes every other observer’s
signal history and so their noise-state estimates, in two parts: a shift in the old-history
coordinates (r < t) and a fresh coordinate born at the current date (the birth term).
A deterministic forward-response map carries the seed through the observers’ filters,
the other traders’ policy kernels, and the pricing rule. Its output is the future price
response p;(7,t; z). The adjoint system, the discounted dual of this map, prices the seed

by integrating (D%)"p;(7,t; 2), the future execution cost the price response creates, with
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discount rate p.

4.2 The stationary Kyle—Back market

Dictionary from Chapter 1. The market notation below specializes the baseline
calculus. The physical state X contains the fundamental, price, and mispricing coordinates,
while D is trader i’s order rate. The market maker is observer 0, and the belief price
H*" prices movements of observer k’s posterior. The only persistent new market object
is the price-impact map A, the instantaneous map from an order innovation to a price

innovation.

Spike terminology. A spike is the marginal order deviation. Its seed is the immediate
state and filter displacement created at the spike time, and its forward response propagates
that seed forward. Movements of coordinates already present before the spike are old-
history effects.

Fix a discount rate p > 0 and a deviating trader 7. Viewed from a finite anchor time

t, all past shocks r < t enter the state only through the observers’ filter kernels
Ej(T,U), T7u<t7 jE{O,l,...,n}.

Here 0 is the market maker and 1,...,n are traders. For a deviation by trader i, the

shifted observer blocks are

O, ={0}u{j:1<j5<n, j#i}. (4.2.1)
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4.2.1 Primitive shocks and covariance selectors

One standard d-dimensional two-sided Brownian noise W generates all randomness.

Economic shocks are fixed linear combinations of the increments dW:

AV, = SVPEY AW,

dZ, =" Dj dt + $}*EZ aw, (4.2.2)

j=1

dY{ = BY (Vi — B)dt + SY2E dW,,  j=1,...,n.

Here V; € R? and Z; € R? are levels relative to an arbitrary finite origin; changing the
origin adds a common formal level that cancels from M (Section 4.2.3). The market

maker prices competitively and each trader values the asset from its own filtration,
P =EV,|F), Vi=EV;|F] (4.2.3)

relative to the same origin. The first equality is imposed as a consistency rule. The
matrices BV, B4, E7 are selector maps into primitive-shock channels. Throughout this
chapter their rows are normalized,

EZ(EAHT =1,  FE(E)" =1, (4.2.4)

)

EV(EV)T — ]

with identities of the appropriate dimensions. The matrices E‘l// 2, 212/ 2, and 2%2 therefore

carry the covariance scale, so

Cov(dV;) =Sy dt,  Cov(SY’EZdW,) =Szdt,  Cov(Sy:E’ dW;) = Sy, dt.
(4.2.5)
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Cross-covariances enter through
S = 22BN (BN TR (4.2.6)

The lack of correlation between fundamental factors and noise-trader factors is the
orthogonality condition

EV(EX)T =0. (4.2.7)

In the baseline version the private-signal noise blocks are also orthogonal to the funda-

mental and noise-trader blocks:
EV(EN" =0, FE4EHN" =0, j=1,...,n. (4.2.8)

A raw order-flow spike therefore has no direct private-signal noise component; any effect

on Y7 comes through the drift BY’(V, — P,).

4.2.2 Standing assumptions

Assumption 4.1 (Stationary admissible environment). The following conditions stand

throughout the chapter.
(i) The discount rate satisfies p > 0.

(ii) The covariance Xy is inverted only on the traded order-flow support. If ¥, is

singular, E;/ ? denotes the corresponding pseudoinverse square-root map.
(iif) Policy kernels are predictable and have zero diagonal trace: Dj(t) = 0.

(iv) The notation distinguishes noise-state and primitive coordinates. The kernel D (u)
multiplies trader j’s noise-state increment, while D] and D{;V,t(u) denote raw demand

and its primitive-shock response kernel.

104



(v) The stationary kernels are square-integrable enough for the displayed stochastic

integrals, convolutions, and conditional expectations.

(vi) The discounted belief prices satisfy the transversality condition in Definition 4.5

(Section 4.5).

(vii) If A(t) of (4.3.17) is singular, read all first-order conditions as range equations. The

pseudoinverse selects a representative only on the instantaneous impacted subspace.

4.2.3 Discounted objective and finite mispricing

Write D for trader 4’s realized raw-demand control. Trader ¢ evaluates future profit from
time t by
J(D% D7) :=E [ / e TNV = P ) dr | J-';} . (4.2.9)
t

T T

Only the mispricing
M =V - P, (4.2.10)

will enter the first-order condition. At zero trading cost the best response is not unique.
The computations of Section 4.8 therefore add a quadratic trading cost, which selects one
best response and leaves the reported quantities converging as the cost vanishes.

Before expanding the filter response, write p;(7,t; z) for the price movement at future
time 7 caused by a raw spike z € R? submitted by trader ¢ at time t. By submitting
a spike of length h in direction z, trader i earns z' M} now, to first order. The spike
also changes the prices at which trader i executes later, and the first variation of the

continuation payoff is

2’ M —E [/ e PT(DY) Tps(r, t; 2) dr
t

J'-;‘} : (4.2.11)
At a best response this expression is zero for every F;-measurable spike direction z, so

105



the unexpanded spike stationarity condition is

ZTMti =F [/ e_p(T_t)(Di)Tpi(T, t;z)dr

t

f-;‘} : z € RY. (4.2.12)

Lemma 4.2 (Finite mispricing under an infinite past). Introduce a finite lower cutoff
a <t and set

t
v = / SY2EY aw,.

Let W’(a) and Pt(“) be the corresponding trader-i estimate and market-maker price. If
the difference between the trader and market-maker filter kernels is square integrable on
(—o0,t), then

M = lim (VX — P (4.2.13)

al—oo

exists in L2. The individual levels ‘Zi’(a) and Pt(a) may fail to converge as a | —oo.

Proof. For each cutoff, both V" and P\ are linear functionals of the primitive shock
on (a,t). Their difference is the same primitive shock integrated against the difference of
the two deterministic filter kernels. The stated square-integrability condition makes this

family Cauchy in L? by Ito isometry. O

4.3 The life of a trader’s order

A marginal order does three things at the instant it arrives. It re-weights everything the
observers already believed, moving the old coordinates of their noise-states; it creates
a new coordinate born at the current date; and it moves the price through the market

maker’s filter.
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4.3.1 Order-flow block and filter kernels

The market maker observes order flow in normalized units, using E;/ *Z. Trader 7>1

observes this same order-flow channel plus their private signal. The selector

X =1, Y= , j>1, (4.3.1)
0

P;j—q,q9

embeds a normalized order-flow increment into the Z-block of trader j’s stacked observa-
tion, of dimension p;, and adds zero to the private-signal block.
For any trader j, the same realized raw-demand process has two impulse-response

representations, following the convention of Chapter 1:
o t , . _ t .
Dj=Di+ / Di(u)dWi (u) = D] + / Diy,,(u) dW,. (4.3.2)

The first integral writes the policy in trader j’s noise-state coordinates, W7 (u) =E[W, |
Fl ], the second the same raw demand in primitive-shock coordinates. The total primitive-

coordinate order-flow drift is
Digh(u) := Y Diy,(u),  u<t, (4.3.3)
Jj=1

For each trader j, the normalized drift of the private price signal is Z;;/ QB))E’j (V, = P).
The price is in ]:tj , a linear functional of the order-flow history the trader sees, so it drops

out of the innovation on and off the path, and only the fundamental’s kernel enters; write
. v t :
Sy Y2BY, =) 4 /_Oo CYi(u)dW,,  j=1,....n. (4.3.4)
Its unresolved part is the bottom block of (4.3.11). The observation-drift kernels are

COu) = ¥, D, (u), (4.3.5)
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for the market maker, and

Cf (u) = .=, (4.3.6)

for trader j.

The filter equations use the primitive objects each observer has not yet resolved. Let

n° .= EZTEZ, IV .= E4TE? + BV TFY, j>1. (4.3.7)

Each IT* collects the channels observer k resolves at once: order flow for everyone, a trader’s

own signal. The unresolved aggregate order-flow drift for observer k € {0,1,...,n} is
tot,k tot k t tot k
D (u) == Dt (u) (I — TTF) — /_ DR)F ) dr, (4.3.8)

The unresolved value kernel is
~ t
VE(u) = SY2EV(T - T1F) — / SY2 BV EE(r,w) dr. (4.3.9)

Under the maintained orthogonality between fundamental shocks and contemporaneous
observation-noise blocks, the first term in (4.3.9) is E%// ’EV.

The unresolved observation-drift kernels are then

CP(u) = 55" Dyt (u), (4.3.10)
and, for trader j > 1,
_ 5, 2Dk ()
Gl (u) = . (4.3.11)
Sy By Vi (u)

The top block is the order-flow channel, the bottom the private price signal.
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Figure 4.2: Order-flow news first becomes a normalized order-flow innovation, then a
market-maker noise-state movement, and then a price movement.

The compact old-history filter equation is
O FF(r,u) = CFr)TC¥(u), E=0,1,...,n, ru<t. (4.3.12)
The market-maker filter evolves by
O F  (r,u) = Dy (r) 'S D (), ru <t (4.3.13)
with birth traces, the kernel’s boundary values at the coordinate born at ¢,
Fo(r,t) = D0 (r) TS, P B2, F(tu) = BZTS, Dt (u). (4.3.14)

For trader 7 > 1, the old-history equation is

OF/ (r,u) = Dy (r) 'SZ" Dy’ (u)
o | - (4.3.15)
+ V() (BY) Sy BY VY (), ru<t,

Its birth traces are

Fl(r.t) = D (r) TS, B7 + V() (BY) T8y, (43.16)
F} (t.u) = BZTS, "Dy (u) + BTS2 BY VY (u).
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4.3.2 From an order to a price move

The price-impact map is
- (/ SY2EVEO (T dr )2;/2. (4.3.17)

An order moves the price only by moving the market maker’s innovations (Figure 4.2). By
the factor orthogonality EV E%T = 0 the birth term of the transpose contraction B°" of
Chapter 1, (1.4.9), vanishes, and A(t) = 1/QEV BT Y 1/2. A raw order-flow spike in a
direction z € Ker A(t), equivalently with [ CO(r)TS,"z dr € Ker(S1/*EY), produces
no instantaneous market-maker price response; its price effects are future ones, carried by
the forward response and belief-price terms below.

A strategic unit spike by trader i places the old-history seeds

Ot r) = COr) s, (4.3.18)

and, for trader observers j # i,
Ol (t,r) = C’ﬁ(r)Tijgm, j=1...,n, j#i. (4.3.19)

The same spike creates the birth seeds

Yl(t) == 4TS, (4.3.20)

and, for trader observers j # i,
WIt) = EZTS M =10, j4i (4.3.21)

The equality follows because the spike enters trader j’s stacked observation only through

the common order-flow block; its private-signal noise component is zero.
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Remark 4.3 (Order-flow martingales and primitive drift). Back’s continuous-time equilib-
rium makes total order flow a martingale in the market-maker filtration. In the notation
here this martingale property is imposed after conditioning on the market maker’s in-
formation. The kernel C? is the primitive-shock impulse response of the normalized
order-flow drift, while C? is the part of that drift not yet resolved by the market-maker
filter. The market-maker innovation can then be a martingale even though C° is nonzero.
In the pure risk-neutral Kyle-Back benchmark, with no inventory or risk-premium motive
for the market maker, the predictable component of public order flow is exactly the part
subtracted by the filter. Section 4.8.1 works out the special case C° = C°, in which no

part of the primitive order-flow drift is already resolved by the market maker.

4.3.3 Spike seed measure and immediate response

For a raw spike direction z € R? submitted by trader ¢, combine the old-history and birth

parts into the seed measure on (—oo,

dnd(t,u; 2) = ©2(t, u)z du + 2 (t)z 0,(du), (4.3.22)

dnl (t,u;2) = pl(t,w)zdu+ ¢l (H)26(du),  j=1,....n, j#i. (4.3.23)

The other traders’ immediate change in demand. The old-history part of a spike

generates the immediate opponent demand response

) . . n t . ~. .
SDS)(z) = Ri(t)z,  Rit) =3 / D) (w) x5, du. (4.3.24)
j=177%°
i

R(t) leaves out the birth atom, because the policy kernel is predictable and has zero

trace at u = ¢, so no instantaneous term Dz (t)@/zf z appears.
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4.4 Forward response

Write dw? (r) for the perturbation of observer j’s noise-state coordinate r at future time
7, in density form: d, W7 (r) = dwi(r)dr. The change in the other traders’ total demand
at time 7 is
DG =3 / " Di(w) buwi (u) du. (4.4.1)
-

The old-history perturbations satisfy

0:6u2(r) = COr) " [55*7605) — |7 Co(upsut(u) du] , (4.4.2)
A 0wl (r) = Ci(r)" [Xngl/QéDgTi) —/ CY(u)dw? (u) du] : (4.4.3)

forr<7and j=1,...,n, 5 # i. The coordinate born at the current date is
sud(r) = B2T |5, 7%000 - [ cOwsud(u) du} , (4.4.4)
Swl(7) = (EZ’T EJFT> XjZ;/Q(SD(ETj) - /T C? (u) 6w (u) du] : (4.4.5)
for j =1,...,n, 7 # ¢. Only the market maker’s noise-state is read directly into a price

movement:

SP, = / SY2 BV §u0(s) ds. (4.4.6)

This perturbation is finite by the argument of Lemma 4.2.

Linearity lets one propagate a generic initial perturbation of an observer’s noise-state
and contract that response against the seed generated by a raw order-flow spike.

For m, k € O;, define G™ (s < u) as the distributional kernel that maps an initial

perturbation in observer k’s noise-state coordinate u <t at time ¢ into the perturbation

of observer m’s coordinate s < 7 at time 7:

Tt T

(G (s) == /( O e wdn), r > (4.4.7)
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The initial condition is G}*%* = 1,3 Id. Equivalently, G25,™ (s = u) = 6(s — u) in the

distributional sense. Read all identities involving the Dirac initial kernel §(s — u) weakly,
after pairing with the finite seed measure above.

For s < 7, the forward-response kernels satisfy the same old-history equations as the
perturbations. For the market maker’s noise-state,

0.G% (s «—u) = Cs

Tt

5,2 / DI(r)GEN (r ) dr
;éz

J

- [ G <) dr]. (4.4.8)

For the noise-state of a trader m # 1,

.G (s = u) = C™(s)"

Tt

X", 1/22/ DI(r)GEE (r  w) dr

Jaﬁz
- / O™ () GER () dr] . (4.4.9)
The coordinate born at s = 7 is

GOM(r «u) = E*T

Tt

2% [ DinGE < wydr
> /.,
i

—/ CoUrGYF (r « ) dr], (4.4.10)

for the market maker. For the noise-state of a trader m # i, split the stacked residual

into its common order-flow and private-signal components:

Epeti(u) = 2‘1/22/ DI (1) GEE () dr—/T COF) Gk (r < ) dr, (4.4.11)
1752
ertiu) == [ Crm@GRHr — wydr, (4.4.12)
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Then the born coordinate is

Tt Z,T(—t

The future price movement at 7 caused by the raw spike is the sum of the price

responses generated by each observer whose beliefs the spike moves:

(1, t;2) = > / (7, t,u) dnl(t,u; 2). (4.4.14)
keO; °°t

The channel price-response density is

(1,t,u) == / ZI/QEVGOHC(S +— u)ds, ke O;. (4.4.15)

Tt

Proposition 4.4 (Instantaneous price impact). For every raw spike direction z,
pi(t,t;z) = A(t)=z. (4.4.16)

Proof. At 7 =t the forward response is the identity on the seed’s own block and zero
elsewhere, so only the market maker’s seed reaches the price: GY=0(s < u) = d(s — u).
Contracting this with the old-history market-maker seed (4.3.18) gives A(t)z. The
birth atom in the market-maker block would contribute S/?EY EZ TS 1?2 zero by the

fundamental /order-flow orthogonality condition. m
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4.5 Discounted belief prices and mispricing drift

Definition 4.5 (Discounted belief prices). For the market maker and for each trader

observer j # i, define H7* by

o) . t . n t . .
/ e "D 6P, dr = / HY (r)n°(r) dr + Y / HE ()’ (r)dr,— (4.5.1)
t —o0 — |
7=1
J#
where dw" solves the forward perturbation equations with initial perturbation n at time
t. The belief price Hgl(r) is the marginal discounted future execution cost to trader @
of shifting observer j’s noise-state at r. The infinite-horizon replacement for the finite

terminal condition is the transversality condition

T—00

lim eP(" /T HY (r)6w?(r) dr + Z/T HZ' (r)ow’ (r)dr | =0 (4.5.2)
o — ] o
JF

for admissible perturbations.
Substituting the total price response, channel by channel, into the discounted future
execution cost isolates the recurring bracket

Htk,i(u) _ /00 e=PT=0(D) Tk (1, ¢, u) dr, ke O;. (4.5.3)

t

Equation (4.5.3) has the same row/column convention as Definition 4.5; the endpoint
value H} *(t) is the discounted value of the born coordinate.

Contracting H;"" against the unresolved drift kernel C~‘t"; on old history and against the
birth selector at u = t gives the stationary form of the transpose contraction (1.4.9) of

Chapter 1. For the market maker,
0i t i~ 04
HYB0T = / HY (5)CO(s)T ds + HY (H)EZ T (4.5.4)

115



For a trader observer j # 1,

HP'8IT = /t

— 00

) ds+ HP @) (B27 B57). (455)

The market maker observes only order flow, so its row is a pure Z block. For trader
observers, split H}"BIT = ((Hg’i%ﬂ)z, (Htj’i‘BjT)y) into order-flow and private-signal

blocks. The value of one normalized aggregate order-flow innovation is

pli= HMBT + 3 (Hﬁ”’%ﬁ)z. (4.5.6)
j=1
J#i

Theorem 4.6 (Discounted backward system for the belief prices). Under the transversality

condition in Definition 4.5, the market maker’s belief price solves

(p— O HY (r) = (D) TS/2EY — HY'8OTS, 2Dt (r) . (4.5.7)
—_———
price move Z self-correction
For every trader observer j =1,...,n, j #1,

(p— O HY' (r) = 85, *Di(r) — (HF'STT) ,'2Digty(r) — (HP'STT) CY(t,7).
N . Z ’ Y

active demand

Z self-correction Y self-correction

(4.5.8)
There is no equation for H*, because trader i knows its own order, so the order does not

move trader i’s beliefs.

No C° appears in the market-maker source, because the seed (4.3.18) already carries it.
An opponent’s order does not move the price directly; it enters the common Z observation,
the market maker and the other traders update on it, and the market maker’s update

moves the price.
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Remark 4.7 (The filter subtracts C', not another C'). The forward filter term has the form

oI [ - /cjawﬂ} .

H7$8T already absorbs the factor CV. The remaining kernel is the observation drift €7,

which is why the self-correction terms in Theorem 4.6 contain X,"/*Dtef and €Y.

A marginal spike inserts the old-history seeds gpg and the birth seeds wf into the

observer blocks, so the first-order condition is

()T =E| [ HP ) ) dr + B ()0()

(4.5.9)
+Z ([ mE@)eiten i+ 1 @wi ) |f;‘].

J#z

Differentiating the stationary kernel representation and using (4.3.12),
AM! = {/ EI/QEV/ (Ci(w)TCi(s) — CO(u)TC2(s)) dudWs}dterMt. (4.5.10)

The martingale M collects the increment at the boundary s = ¢t. The other boundary
term of the inner integral, at u = ¢, would pair the contemporaneous observation noise
with Z%//QEV; it vanishes because the selectors are orthogonal, EVE?"T = EVE!T = 0.
The term in which C? multiplies trader i’s own innovation vanishes after conditioning on
F!, because C' is the innovation gain of trader ¢’s own filter, so its old-history component
is orthogonal to trader ¢’s information at time ¢. Hence

. t —. ~
ety (M) = — [ KO dWi(s), KD(s) o= S2EY [ COw)T O (s)

(4.5.11)

Lemma 4.8 (The predictable drift lies in the price-impact range). For every old-history
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coordinate s < t,

K%(s) = A(t)S/*CO(s). (4.5.12)

Consequently the predictable drift in (4.5.11) lies in Range(A(t)), with raw-demand preim-
age $2CY(s).
Proof. Substitute the definition of A(t) in (4.3.17) and use 221/2212/2 as the identity on

the traded order-flow support. O]

Proof of Theorem 4.6. Let

nopt .
6D, :=> / D} (u)owi (u) du,

J_
J#i
and
Pu(H, 6w) / HY (1)6u(r dr+2/ HP (r)ow] () dr.

J#Z

On old history coordinates r < t, differentiating P; gives the interior terms and the

contribution of the coordinates born at the current date

HY (6)ow (t) + Z H'(t
J#z

After substituting the old-coordinate equations (4.4.2)—(4.4.3) and the birth conditions
(4.4.4)—(4.4.5), the value assigned to an observation residual is the full contraction (4.5.4)—

(4.5.5). The active-demand part contributes

HP'BOTS, 25D, + Y (HP'ST) 576D, = 8j25'*6D, (4.5.13)
=1
i
and the self-correction part contributes

— HOig0T / 32,2 DUt () 5w (1)
118



n R t . R t . .

-y [(Hgv’%ﬂ)z / 51,2 DIt (u)dw] (u) du + (HF89T), / CY (w) 5w (u) du]
Jj= oo —00

J#i

S

(4.5.14)
Equations (4.5.7)—(4.5.8) cancel these terms. The remaining terms are

) t )
iept(H’ sw) = pPi(H.0w) = (D) [ SYEYouf(r) dr = pPu(H, 0w) — (D)) 6P
(4.5.15)

Equivalently,

C;lt (e_p(t—s)Pt(H7 5w)> — _e—p(t_s) (D;)T(SH

for any fixed anchor s. Integrating from s to oo and using transversality gives (4.5.1).
Since (4.5.1) determines H uniquely as a functional on seeds, this solution is the belief

price. [

4.6 Moving the spike date

Dictionary from Chapter 3. The analysis runs in that chapter’s stationary lag
coordinates, and one convention differs. Chapter 3 splits each stationary object into a
deterministic mean and a deterministic kernel against past shocks, as in (3.2.4); here the
random object is kept with its calendar subscript. So hy*(b) of (4.6.3) is that chapter’s
random belief price H;"'(b) in age coordinates, not its deterministic kernel 2% (b, £). The

k:Z @Y and the total-policy kernel D%,%}tt(u)

unresolved innovation kernels ¢, & are its ¢
is the sum over traders of its control kernels djj; at age b =t — u.
The raw-spike condition (4.2.12) holds at every spike date, and moving the spike date

moves the seed it creates. Proposition 4.9 records the result; paired with the mispricing

drift (4.5.11), it gives the first-order condition of Section 4.7.
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Write the raw-spike FOC (4.2.12) as a pairing of belief prices with the seed:
Tagi i ‘
M =E[S{(z) | F], (4.6.1)

where h} *(b) is the belief price of observer k at shock age b, and #%(b) and ¥ are the
old-history and birth seeds trader i’s spike leaves in observer k’s filter, all three in the

stationary lag coordinates set out in (4.6.3)—(4.6.4) below. In those coordinates,

Si(z) = Y ( /O R ()¢ (b) = db + hf’i(O)wfz> | (4.6.2)

keO;

To differentiate this identity in the spike date, use stationary lag coordinates. In a
stationary solution, the old-history derivative of the seed is a derivative in the age of the
shock. Set b =t — u, the coordinate age of the lag convention (3.1.5) of Chapter 3, and
write

HE'(E=b) = hi'(0), okt t—b) =¢f(b),  keO: (4.6.3)

The old-history seed densities and birth matrices are
o)) =), Gl0) =FO) T W =l = BATE Y (464)

For old-history coefficients,

COt—b) = Ob),  Clt—b) =),  CHt—b) =), (4.6.5)
where
1 | IO
) =%, Tdy(b),  J(b) = . J# (4.6.6)
¥ (b)

Here digt(b) = DY (t — b), d(b) = D] (t — b), and ¢*(b) = C}/(t — b). Each identity

below holds as an JF;-conditional expectation; read it as holding for the mean and for
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every coefficient of dIW/(s) in the representation (4.7.3). In lag coordinates the adjoint

equations of Theorem 4.6 read (p — 9,)Hy" (t — b) = s} (b), with source terms
s¥(b) = (D) TSI2EY — HYBOT O (b), (4.6.7)
for the market-maker block, and
s(b) == B (b) — HIBITA (),  j#£4, (4.6.8)

the second term of each being the drift the observer’s filter already predicted, in the
stacked form (4.6.6).
Moving the spike date also moves the seed. Its density transports in age, its support

gains the point b = 0, and the birth atom ages. At a fixed belief price the three contribute

S ([T R0 a0t 0) 2db+ B ©0)6HO)z - A O) whz). (4.69)

keO;

Proposition 4.9 (Drift of the spike condition as the spike date moves). For every raw

direction z,

drift E [SZ(Z) ‘]—ﬂ =pz M} —2"A(t)" Dl + 2"Vi, (4.6.10)

where the wedge, the market form of the information wedge v of (3.2.6), is

2TV = E[ 3 Hf’i%ﬂ/ K)ok (b)zdb — BiS, P Ri(t)2
0

keO;

£ / B (6) Bk () 2 db + W (0)6F (0) 2 — Bphf (0) ¥ 2)

keO;

]-'4. (4.6.11)

The first line is the value of the drift each observer’s filter already predicted and subtracts
from the seed less the value of the immediate opponent response; the second is the seed’s
own motion (4.6.9).

Proof. S!(z) = (Hy,n;) pairs the belief prices with the seed measure (4.3.22)—(4.3.23), and
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both factors move with ¢. Pathwise, Theorem 4.6 gives 0,H,"' (u) = pH}"' (u) — s (u) at
every fixed coordinate u < t; paired with the seed this is pS¢(z)— (s, n;). By (4.6.7)—(4.6.8),
(4.3.17) and (4.3.24),

(s,m) = 2 TAW) D+ 535 PR () - Y HEBT R (b) ok (b) 2 db,
k€0, 0

the atom contributing nothing, since £V E%T = 0 and the policy kernels have zero
trace at age 0. The seed’s motion at a fixed belief price is (4.6.9), with 8, H" (u)]yes =
—d,h"(0). Summing, dSi(z)/dt = pSi(z) — (s,m;) + (4.6.9) pathwise. Conditioning,
BlSrar | Fa = EIS: | 7] = BlSpeu — 51 | Fhuu) + (BIS: | Fiyu) — B[S, | Fi), and
the second bracket is an F'-martingale increment, so the F/-drift of E[S!(z) | F/] is the
conditional expectation of the pathwise derivative. Finally E[S!(z) | Fi] = z" M} by

(4.6.1), which turns pS into pz" M}, O

4.7 Stationary best response and equilibrium

A trader’s order, priced at impact, splits into a trade on the information gap, an impatience
term, and the wedge. The information gap is the trader’s estimate of the unresolved total

order flow.

Theorem 4.10 (Stationary best response to a stationary profile). Fiz a stationary
candidate profile of the other traders’ primitive-coordinate policy kernels and associated

filter kernels. Under Assumption 4.1, trader i’s best response satisfies the level condition

(4.5.9) and its F}-drift form

AT DI - / SY200(s) dWi(s) — pMi = VY, (4.7.1)
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with V} as in (4.6.11). The minimum-norm primitive-coordinate representative is

Dy = (A

/ SY2C0(s) dWi(s) + pMi + Vi|. (4.7.2)

For a single asset, or whenever A(t) is symmetric, this is D! = [*__ »/2C CO(s) dWj(s)+
A(t)%pr + VZ) The three terms are the information-gap trade, impatience, and the

wedge.

Policy kernels. Write V! and the mispricing in trader i’s noise-state coordinates,

i _ 35¢ by i17i i i ! i T17i
vi=vi+ [ Vi dWis), M= / M(s)dIV(s). (4.7.3)
If
. _ t . .
Di=Di+ / Di(s) dWi(s), (4.7.4)

then the primitive mean and noise-state policy kernel are
Dj = (AW [pM{+V,],  Di(s) = (M) ) [ADZF*CY(s)+pMi (5)4Vi(s)]. (4.7.5)

A stationary profile gives Df, and with it the observation kernels C° C? and unresolved
kernels C°, CY. The adjoint equations determine H% and H*, and these give V. C, H,
and V' all depend on the stationary order-flow law generated by the profile, so (4.7.2) is

a fixed-point equation for the profile.

Corollary 4.11 (Stationary equilibrium condition). If a stationary admissible profile
satisfies Theorem /.10 for every trader i, with the first-order conditions read as range
equations as in Assumption 4.1, then the profile is stationary for every trader’s deviation
problem; if in addition each trader’s deviation quadratic form is positive semidefinite on
the admissible class, the profile is a stationary equilibrium within the noise-state-linear

class. Conversely, any stationary noise-state-linear equilibrium satisfying the standing
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assumptions obeys the system in Theorem 4.10 for each trader.

The corollary is the market analogue of Proposition 3.1 of Chapter 3. For p > 0 the
drift form (4.7.1) implies the level condition, since their difference solves dN = pN dt+dm
with m a martingale and stays bounded only if it vanishes; at p = 0 the level condition
is imposed on the means. Section 4.8 solves the level condition directly and checks the

positivity condition on the discrete class.

Proof of Theorem 4.10. The level condition is (4.2.12). For its drift form, take the JF;-

predictable drift of (4.6.1). The drift of the left side is
2T drift (M / SY200(s) dWi(s), (4.7.6)

by (4.5.11) and (4.5.12). The drift of the right side is (4.6.10). Therefore, for every raw

direction z,
/ S2C0(s) dWi(s) = pz M} — 2T A(t)T DI + 2TVE.

Rearranging and using that the identity holds for every z gives (4.7.1). O]

4.8 Numerical solutions

4.8.1 Unbiasedness and the regularized objective

In the risk-neutral Kyle-Back benchmark, the local first-order condition (4.7.1) can
partly collapse into a condition on the aggregate order-flow law. To see this, suppose the

normalized order-flow drift is not already resolved by the market maker, so

CP(s) = CP(s) = 3, DIyt (s). (4.8.1)
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Then the raw preimage of the local information-gap drift is
/ $Y/2C0(s) dWi(s / Digl(s)dWi(s) = E[Di" — DI | 7] (482)

Since D{** = D} + >t D!, the condition can look like a restriction on the opponents’
trades, or on total public order flow, rather than a formula that isolates D! pointwise. This
gives the continuous-time Kyle-Back unbiasedness phenomenon in noise-state coordinates.
The market maker sees public order flow as an innovation martingale, while a better-
informed trader can assign a nonzero drift to the same public process. Back’s continuous-
time equilibrium pins down the pricing rule and the law of total order flow in this way,
but the risk-neutral insider has many optimal trading paths [11].

The coupled system is a stationary fixed point in kernels, and the rest of this section

solves it numerically. The computations replace the objective (4.2.9) by its regularization

Jr(DH DY =R [/too e P71 <(D3)T(\7j ~P;)—e |D3|2) dr | ]—“t} . e>0,
(4.8.3)
whose first-order condition is that of Theorem 4.10 with M} replaced by M} — 2eD;. With
this cost the system has locally unique strict equilibria for one, two, and three traders.
At zero cost the second-order form is only semidefinite. Under permanent linear impact a
trader who buys and later sells the same quantity pays nothing [59], so such round trips

span a null space of the form and the best response is not unique.

Remark 4.12 (Singular instantaneous impact directions). Zero immediate price impact
is not zero impact. An order the market maker does not price today can still teach the
other traders and come back through their future trades, so whether it pays depends on
the component of pM; + V} along z, the right side of (4.7.1). If a direction has neither
instantaneous nor discounted future price response while a trader perceives mispricing
in that direction, a finite best response fails. If the future feedback response offsets

the current perceived mispricing, a finite stationary solution can exist even when the
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immediate impact is zero.

4.8.2 Primitives

The stationary system has been solved numerically for one, two, and three traders. The
fundamental is a random walk. Each trader observes a signal dY* = BY'(V — P) dt +dW'
with scalar gain B? The trading cost € of the regularized objective (4.8.3) is 1072,
standing in for zero, with X7 = 1 and unit signal gains; the objective is average cost,
p = 0. The undiscounted monopolist has no stationary solution, so the one-trader kernels
are computed at discount rate p = 0.5. The scalars computed on the lag window of
Appendix 4.A (), total price profits, and the split between channels) are the same at p = 0
and at every p > 0 tried, so the reported values are at p = 0 throughout (Appendix 4.A).
The level first-order condition (4.5.9) is evaluated with the market maker’s pricing rule
and each opponent’s strategy adjusting as in Section 4.4. A second-order condition
has also been checked at every reported equilibrium. The exact quadratic form of
Chapter 1’s finite-deviation expansion is positive definite on the strategy space, with

smallest eigenvalue 2¢, so no deviation improves on the reported policy.

4.8.3 Profit accounts

Nothing is liquidated in a stationary market, so profit needs a convention. A trade pushes
the quote as it fills and pays the average price, half its own impact: orders fill by walking
the book. Write Q! = [* D' ds for trader i’s position. Ezecution profits are made at the fill,
the gap between the new quote and the price paid. Position profits are made afterward,

from quote changes on shares already held:

execution’ =

E[dQ: dP))/dt, position’ = E[Q!_dP,]/dt.

1
2
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Their sum, the price-profit rate, is zero-sum across the market. A finite trading rate
pays no execution: it trades D dt against its own impact AD dt, second order. Only
the diffusive noise-trader flow carries a first-order term, a gain, since a fill at mid sits
below the post-trade mark. On a grid of cell & the charge is %/\h E[D?], so the zero is a
continuum statement. It is tied to the trading cost: as € — 0 the age-zero loading grows
like e '/2 toward an impulse, which would pay.

The book gap E[QL(V; — P,)] is the average undervaluation of the shares held; a book
can be infinite with a finite gap: the mispricing has short memory, so the covariance

truncates itself. Writing G, = Q4(V;, — B,),

AGt — AQt (‘/; - Pt) — Qt— A_Pt + Qt— A‘/;/
——— —_————
gap purchases conversion into position profits news, mean zero

buying below fundamental value adds to the gap, a quote move toward the fundamental
converts it into position profits, and news adds nothing on average. In the stationary
state the gap is constant, so gap purchases equal position profits. Churning earns nothing:
the execution gain on a buy is lost in position when the sell pushes the quote back.
The market maker makes no position profits, since its inventory cannot forecast its own
innovations, and carries no gap, since its pricing error is orthogonal to what it knows.

The objective (4.8.3) is the price-profit rate net of the trading cost.

4.8.4 Symmetric markets

Competition speeds up trading and revelation [56] (Figure 4.3). A single trader at discount
rate 0.5 trades its current signal at age zero and its filtered signal afterwards. Its loading
on the fundamental peaks at 0.83 near age 0.2 and is below 0.02 by age four, and half of its
profit accrues by age 0.42; its half-profit age. With three traders every kernel is negligible
beyond age two, each trader’s largest loading is on its own raw signal noise, concentrated

near age zero, and half the profit accrues by age 0.28. Price impact is A = 1.000 with one,
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policy kernel, one trader, p=0.5 policy kernel, three traders, p=0 one trader: unrevealed fundamental as p- 0

1.00 1.5

215.6atb=0

—_— p=10°
0.75 104 — om0
0.50 1 — =10
051 e
0.25 : oo 10

0.00 + 0.04

-0.251

-0.51

—— fundamental W"

—— fundamental W" noise flow W?

—0.754 noise flow W’ —-1.01 —— own signal noise

—— own signal noise — = opponent's signal noise

-1.00 T T T -1.5 T T T T T T
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coordinate age b coordinate age b coordinate age b

—0.501

Figure 4.3: Equilibria of the stationary system at trading cost 1073. Left: one trader’s
policy kernel at discount rate p = 0.5; center: the policy kernel of one of three identical
traders at p = 0; right: the single trader’s unrevealed fundamental, the share of a
fundamental shock not yet in the price by shock age, at discount rates from 1 to 1074 As
p — 0 the trader trades later and later and the curves do not converge: the undiscounted
monopolist has no stationary solution, while the competitive cases exist at p = 0. The
loadings on own signal noise and on noise-trader flow leave the frame near b = 0; their
values there are marked at the exit points. This is the impulse of the profit-accounts
subsection, whose loading grows like €'/ as the cost vanishes.

price profits execution position book gap, N =1,2,3

traders, together +AXy 0 +AXy 0.06, 0.36, 0.29
noise traders —A\Xz/2 +A¥Xz/2 —=A¥z —0.06, —0.36, —0.29
market maker —A\Xz/2 —A\Xz/2 0 0

Table 4.1: Profit accounts of the symmetric markets (p = 0, € = 107?). Rates are flows
per unit time; the book gap is a level. Each of the N traders takes A\X7 /N of the traders’
row.

two, or three traders. Per-trader price profits, gross of the trading cost, fall from 1.000 to
0.333, and their total is AXz in every case. Competition divides the noise traders’ losses
AXz without changing them.

The unrevealed fundamental, the share of a fundamental shock not yet in the price
by the shock’s age, is 0.39 at age one with one trader and 0.25 with three. A monopolist
with a random-walk fundamental has no reason to trade its information by any particular
date; its horizon comes from discounting, or, in Kyle’s model, from the terminal date.
With an opponent, information not traded now is traded by the opponent, so the two-
and three-trader solutions exist at p = 0 and reveal the shock within two ages.

Symmetry forces the accounts (Table 4.1): each trader takes AXz /N, all of it position,

and the noise traders take half of what they pay back as execution. The monopolist’s
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v=025 05 1 2 4

half-profit age 1.36 0.68 0.34 0.18 0.10
fundamental book +0.81 +0.40 +0.20 +0.10 +0.05
noise-trader book +0.46 +0.23 +0.12 +0.06 +40.03
own-noise book —-1.37 —-0.68 —-0.34 —-0.17 —-0.08
opponent-noise book +0.82 +0.41 +40.20 +0.10 +0.05
net book gap 0.72 0.36 0.18 0.09 0.05

Table 4.2: One of two symmetric traders’ book gap by channel as the common signal
gain varies (p = 0, € = 1072, window scaled with the trading speed). Every channel and
the net scale together with the half-profit age, as 1/7. The competitors’ gap is the edge
withheld from opponents. Per-trader price profits are 0.50 at every gain, and the gap,

unlike the monopolist’s 1/2¢/p, does not shrink with the trading cost.

gap is the trading-cost residual, |/2¢/p to leading order: its undervalued fundamental
positions, worth +0.50 at every cost, net exactly at zero cost against the overvalued
positions it briefly puts on by trading its own signal noise. The competitors’ gaps do not
shrink with the cost. The monopolist buys no gap on its own signal noise. A competitor
trades the current signal immediately, buys 0.34 of overvaluation on its own noise, and
recovers (.20 on the others’. Table 4.2 varies the common signal gain of two traders.
Competition also changes whose flow pays the trader: the monopolist’s position
profits come entirely from its own flow moving the price, while with opponents each
trader earns 0.72 from its own flow and loses 0.22 to its opponents’ (spectral values
at e = 1073). On the shared channels, the fundamental and the noise-trader flow, an
opponent’s flow pays a book exactly as the trader’s own does (Table 4.3). The tax falls
on the private channels: a trader marks up its own noise-driven positions with its later
orders, and its opponent, which does not share the noise, trades against exactly those
price moves. Opponents charge a trader for the errors its noise puts into the price; the

monopolist escapes because its own-noise purchases are zero.

4.8.5 Two assets

The two-asset equilibria, each with two traders at trading cost 2 x 1073 and discount

rate p = 0.1, are computed in three configurations: signal gains (1, 1) for both traders
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own flow opponents’ flow

fundamental +0.125 +0.125
noise-trader flow +0.125 +0.125
own signal noise +0.235 —0.441
opponent’s signal noise +0.235 —0.029
total +0.720 —0.220

Table 4.3: Position profits of one of two symmetric traders, by shock channel and by
whose flow moves the price (spectral solution, ¢ = 1073). The shared channels pay from
either flow equally; the opponents’ tax is confined to the private noise channels.

one trader, two speeds of trading the noisier market is traded first competitors offset one trader's signal noise
= stock with shared information = demand in the other, noisier stock 0.75 4
0.5 stock with exclusive information 0.25 demand in the trader's own stock !
0.4 0.20 4 0.50 1
0.25
0.3 0.154
0.00 4
0.10 -
0.24
-0.251
0.05
0.119 —0.501
0.00 -
0.0 1 —=0.751
0 2 4 6 8 0 2 4 6 8 0 2 4 6 8
coordinate age b coordinate age b coordinate age b

Figure 4.4: Two-asset equilibria at trading cost 2 x 1073. Left: one trader, two market
structures, two speeds of trading. Center: the trade in the market with more noise-trader
flow comes first. Right: competitors’ trades offset one trader’s signal noise, so the sum
over traders returns to zero.

in the symmetric case with 3y = I; gains (1,1) and (1,0) in the generalist—specialist
market; gains (1,0) and (0, 1) with noise-trader variance diag(1.8,0.2) in the specialist
case; fundamental correlation 0.6 in the last two. A trader holding exclusive information
in one market and shared information in the other trades them at different speeds, and
a specialist whose own market has little noise-trader flow trades its information first
in the other market where that flow is larger (Figure 4.4). The instantaneous impact
A is a matrix across assets: in the symmetric case it is 1.001 on the diagonal with no
cross-impact, while in the specialist case the off-diagonal entries reach 0.42, so an order

in one asset moves the other’s price.

4.8.6 Deviation impact

The impact of a deviation is not the pricing kernel, the market maker’s permanent price

response to a unit of unexpected order flow. Figure 4.5 splits the price response to a unit
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Figure 4.5: Price response to a unit order by one trader at age zero, decomposed by
re-running the forward response with the opponents’ policies switched off (e = 0.1, p = 0.1;
the large cost smooths the kernels, and the decomposition is about shape). The market
maker alone moves the price permanently; the opponents trade against the order and
unwind the move, so the total response is transitory even though the pricing kernel is not.

order at age zero, the kernel p;(7,t; z) of (4.4.14), into the market maker’s own update
and the opponents’ feedback, by re-running the forward response of Section 4.4 with the
opponents’ policies switched off (two and three symmetric traders, e = 0.1, p = 0.1). The
market maker alone moves the price permanently, by 1.08 per unit. The opponents see
order flow that is not theirs and no news in their own signals, so they sell against it.
On impact they absorb 8 percent of the move with one opponent and 13 percent with
two. Afterwards they unwind all of it, half by age 0.72 and 0.48 and everything by age
eight. The instantaneous impact is A, but the discounted execution cost in the first-order
condition, [°e "= D_p;(7,t;z) dr, is a fraction of the permanent one, and the fraction
falls with competition. In the generalist-specialist market a unit order in the shared stock

is absorbed 14 percent on impact and unwound on the same clock.

4.8.7 Asymmetric noise

Three traders with correlated fundamentals and asymmetric noise-trader flow separate two
roles that the symmetric cases merge. Table 4.4 lists the parameters; Tables 4.5 and 4.6
report price profits and impact. Price discovery does not depend on (: the unrevealed

fundamental at ages one and two is 0.20 and 0.04, at every (. Price profits do. As stock
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fundamentals two, correlation 0.6
signal gains (stock one, stock two) trader one (1.5,0.5), trader two (0.5, 1.5),
generalist (1, 1)

noise-trader variances diag(1+¢,1—¢), ¢=0,0.5,0.8

discount rate, trading cost p=0,ec=2x 1072 (halving it moves the numbers
by about two percent)

window, collocation L = 16, 64 Chebyshev points

Table 4.4: Parameters of the three-trader asymmetric-noise market.

(=0 (=05 (=08
noisy-stock leader 0.66 (0.57) 0.76 (0.70) 0.81 (0.77)
quiet-stock leader 0.66 (0.09) 0.52 (0.12) 0.39 (0.14)
generalist 0.53 (0.26) 0.51 (0.33) 0.48 (0.36)

Table 4.5: Price profits net of the trading cost in the three-trader market with noise-trader
variances diag(1 + ¢, 1 — (); in parentheses, the part earned in the noisy stock.

two’s noise-trader flow shrinks, the quiet-stock leader’s price profits fall from 0.66 to 0.39
and the noisy-stock leader’s rises from 0.66 to 0.81; the generalist loses a little, 0.53 to
0.48. These price profits are net of the trading cost, and Table 4.7’s totals are gross, 0.02
higher for the heavier traders. The quiet stock’s leader takes its information to the noisy
stock: at ¢ = 0.8 it trades its own factor in the noisy stock with integrated loading 0.19
against 0.28 in its own, up from 0.07 against 0.64 at ( = 0. Impact follows the noise:
at ¢ = 0.8 the own impact is 0.73 in the noisy stock and 2.01 in the quiet one. The
cross-impact is asymmetric because the quiet stock’s flow is the more informative: an
order in the quiet stock moves the noisy stock’s price by 0.45, while an order in the noisy
stock moves the quiet stock’s by 0.31. Every trader runs two clocks: its loading on its
own factor peaks by age 0.24, and its hedge against the correlated factor, traded in the
opposite direction, peaks between ages 0.6 and 1.

Symmetry no longer forces the accounts; Table 4.7 gives them at ( = 0.8. On the home
books the clock is common: the ratio of book gap to position profits is 0.28-0.32 for each
trader’s home stock, the generalist, and the noise traders, at every (, so the noise asymme-
try redistributes who buys undervaluation, not how long the price takes to pay it out. The
specialists’ small cross-stock books turn over faster, 0.19-0.26. Opponents tax the general-

ist hardest: the specialists lose a quarter to three tenths of their own-flow position profits
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(=0 ¢=05 (=038
own impact, noisy stock 0.94 0.79 0.73
own impact, quiet stock 0.94 1.31 2.01
quiet-stock order on the noisy price  0.31 0.36 0.45
noisy-stock order on the quiet price  0.31 0.30 0.31

Table 4.6: Entries of the matrix A in the same market.

noisy stock quiet stock
position position

execution (own/opponents’)  gap execution (own/opponents’)  gap total
noisy-stock
leader 0.00 +0.79 (+1.08/ — 0.28) +0.23 0.00 +0.04 (+0.06/ — 0.02) +0.01 +0.83
quiet-stock
leader 0.00 +0.14 (+0.24/ — 0.10) +0.03 0.00 +0.25 (4+0.34/ — 0.08) +0.08 +0.40
generalist 0.00 +0.38 (+0.60/ — 0.22) 40.11 0.00 +0.12 (+0.18/ — 0.07) 4+0.04 4+0.49
noise traders +0.66 —1.31 —0.37 +0.20 —0.40 —0.12 —0.86
market maker —0.66 —0.01  0.00 —-0.20 0.00 0.00 —0.86

Table 4.7: Profit accounts in the three-trader market at ¢ = 0.8, by stock (spectral
solution, € = 2 x 1073). Position profits split into the part earned by the trader’s own flow
and the part its opponents’ flow takes back; the total is price profits over both stocks.
The gap is a level, not a flow, so it does not enter the total. Rates are flows per unit
time. Each column is zero-sum, and the market maker’s position profits and book gap
are zero stock by stock, up to the trading cost.

to opponents’ trades, the generalist more than a third, its errors being visible to both spe-
cialists. The quiet stock’s leader earns seven tenths as much from its own flow in the noisy
stock as at home, up from a fifth at ( = 0. The noise traders in the quiet stock lose 2.01 in

position per unit of their variance against 0.73 in the noisy one, the net impacts Ags and Aq;.

4.8.8 The three terms of the order

Theorem 4.10 splits each trader’s order into the information-gap trade, impatience, and
the wedge (Figure 4.6, computed on the lag grid). The information-gap trade carries
92 percent of the order, in L? norm over the policy kernels, in every case computed.
Under the unbiasedness that the solutions satisfy, it is E[D°" | F/], so the wedge is the
price-impact value of the opponents’ expected current orders with the sign reversed,
—AE[D;" | F{] (A is symmetric in these runs), less impatience. A trader shades its order
by what it expects the others to send. The wedge is 13 percent of the order and lives at

ages under two; impatience is 4 percent in the p = 0.1 case and absent at p = 0.
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Figure 4.6: The three terms of Theorem 4.10 for each trader’s order in stock one, by
coordinate age and shock channel, in the generalist—specialist market at p = 0.1: specialist
solid, generalist dotted. The right panel shows each trader’s own signal-noise channel.

4.8.9 Numerical identities

The solutions satisfy, up to the size of the trading cost, several identities that the
equations do not impose directly. Each trader’s policy kernel has zero projection onto
the market maker’s information (relative norm below 5 x 1072 at € = 107?). Summing
over traders, total order flow is a Brownian motion in the market maker’s own filtration,
which extends the unbiasedness that Back [11] proved for a single trader to every case
computed here. The pricing kernel is constant across ages to within 0.2 percent, so each
unexpected unit of order flow moves the price permanently and by the same amount
at every age. The sum over ages of total trader demand’s loading on each signal noise is
zero. Competitors fully offset one another’s noise-driven positions, while a monopolist has
no one to offset it and is left with a net position of 1073, the size of the cost. Total price
profits gross of the trading cost equal the noise traders’ losses AX; to 2 x 10~ for one,
two, and three traders, and do not depend on the lag truncation L of Appendix 4.A. The
net price profits fall short by exactly the cost, 0.006 per trader with two or three traders.
As the cost vanishes, each competitor’s loading on its own signal noise at age zero grows
like e=/2 while its integral stays fixed, so the loading is concentrated on ages of order €'/2
and the net shortfall falls like €'/2. In the limit a competitor trades its current signal noise
as an impulse, and total price profits equal AX; exactly. Computed down to € = 5 x 1075,
total price profits are 0.998. For one trader A and the price profits are 1.000, the values

of Back’s continuous-time equilibrium. Proofs of these identities are open.
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4.A Computing the Kyle—Back equilibria

The equilibria of Section 4.8 are fixed points of the joint best-response map over all
traders’ kernels, computed by Newton’s method on the difference between a profile and
its best response, with the cost € continued downward from a large value at which the
map is well conditioned. Damped best-response iteration fails here. The equilibrium
is unstable under it, with the dominant eigenvalue of the best-response map above one.
More trading raises price impact, higher impact reduces trading, and less trading lowers
impact again, so the iteration oscillates instead of converging. Newton iteration does
not depend on this stability and converges to residuals near 107! in a few steps.

The computations use the average-cost objective (p = 0) with lags truncated at
L = 8 as in Chapter 3; the window replaces the transversality of Assumption 4.1, and
its effect is measured below. The kernels are represented by their values at 64 Chebyshev
points on [0, L] by the spectral collocation of Appendix 3.A. The three-trader scalars
are unchanged to four digits at 96 and 128 points. The two-asset equilibria use the
same solver in its two-asset form; the three-trader asymmetric-noise market runs with
L =16 and € = 2 x 1073, and its profit accounts are computed from the node values by
Chebyshev quadrature, with positions as spectral antiderivatives. The window must scale
with the half-profit age, so the gain ladder of Table 4.2 uses windows up to L = 32. The

1/2 at age zero, and at 64 points

loading on own signal noise carries an impulse of width e
the collocation solution rings behind it, a node-to-node alternation of 3 x 1072 in the tail.
At 128 points the alternation is 2 x 107*, and the three-trader kernels of Figure 4.3 are
drawn from that solution. With two or more traders the fundamental is essentially fully
revealed well before age L and the reported quantities do not depend on it. The two- and
three-trader kernels agree at L = 8 and L = 16 to four digits beyond age one. A single
undiscounted trader has no such solution. Its kernels scale with L, half of its profit accrues

after age 0.19L, and the unrevealed fundamental falls to zero exactly at L. The truncation

plays the part of Kyle’s terminal date: the undiscounted computation converges on a

135



=
o
;

—— p=0,window L =8
p=0, window L =16
—— p=0, window L = 32

o
©

--- p=10"* (window-independent)

o
o

unrevealed fundamental
°
»
s

I
N

o
o

10 15 20 25 30
coordinate age b

O
v

Figure 4.7: The window artifact for one undiscounted trader: the unrevealed fundamental
by shock age computed at p = 0 on windows L = 8, 16, and 32 falls linearly to zero exactly
at L, so each window gives a different solution. The discounted solution at p = 10~*
(dashed) is the same on every window.

window only because the window supplies it. Figure 4.7 shows the artifact. With a
discount rate p > 0 the one-trader solution is the same at L = 8, 16, and 32. As p falls
(Figure 4.3, right) the horizon, measured as one over the share revealed by age one, grows
like p~/2 (1.63, 1.75, 2.37, 4.88, 13.1 at p = 1,107, ...,10™*). The scalars are unaffected:
A, total price profits, and the channel split are the same at every p. The second-order
checks are made on the average-cost system and do not rely on the p > 0 hypothesis
of Assumption 4.1. The market maker’s belief update is computed as in Appendix 3.A.

Every reported solution has passed the second-order check of Section 4.8 and a com-
parison between solvers. The spectral solver reproduces the grid solver’s extrapolations
to zero spacing.

On a lag grid, how price impact is timed within an interval matters more than how
fine the spacing is. If the scheme realizes the price impact at the midpoint of the interval,
a trader can buy and later sell the same quantity at a profit that comes entirely from
the half-interval delay between an order and its own impact. The second-order condition
fails below a cost threshold proportional to the spacing. Realizing the impact within
the same interval as the order removes that profit. The spectral solver therefore reports
the small-cost equilibria.

The solvers and figures of Section 4.8 are the work of Claude Fable 5 [7], working

under the author’s direction. Interactive versions are at sbabichenko.com /noisestate.
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Chapter 5

Local Strategic Information in

Symmetric Network Economies

5.1 Local strategic information in a large economy

A common large-economy model places many individually negligible agents around a
small set of aggregate prices or population statistics. Mean-field methods make this
structure tractable by replacing the rest of the population with the distribution of their
states [26, 58, 73]. This is natural when interaction is anonymous and the feedback runs
through an average state. It is less natural when economic activity is organized into many
separate local environments, each containing only a few strategically important players.

A regional credit market may contain only a few major lenders. A local labor market
may be dominated by a few employers. A product niche, hospital system, supply-chain
cluster, or dealer network may likewise be small as a strategic environment even though
each participant is negligible relative to the national economy. Such players are atomistic
globally but oligopolistic locally. Their actions can reveal private information to a small
set of strategically consequential observers, so each player may alter its action because of

what those observers will infer.
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The corresponding large-economy limit is large by replication, not by local anonymity.
One first solves the finite-player information game inside each local environment and
then aggregates its equilibrium outcome across many environments. Aggregating the
primitives first can eliminate the local action-to-belief channel that determines behavior
inside each market.

This distinction also changes the usual interpretation of local interaction. Centered
local shocks may wash out across many markets, but the incentives governing how agents
respond to those shocks are repeated. If structurally similar players all attenuate or
otherwise distort investment, lending, hiring, or trading because their actions reveal
information, the common object is an equilibrium coefficient, not a common private
signal. The resulting local distortion can change the conditional cross-sectional mean and
the aggregate response to fundamentals as well as the spatial variance.

Figure 1.3 in Chapter 1 shows the equilibrium mean control shifting with signal
precision, so information and incentives do not separate. If informational asymmetry
is correlated with incentives (sellers of a good being likelier to be experts on it), the
correlation shows up in aggregate means.

The symmetry results of Appendix 5.A support this local-to-aggregate architecture.
The purchase-order market of Section 5.3 only needs to be solved from the perspective of
a representative firm. Chapter 1 removes the hierarchy of forecasts by representing beliefs
in noise-state coordinates, the estimated primitive shocks. Graph symmetry reduces
the number of unknown kernels: d;(w,u) takes one value per equivalent position of w
(Proposition 5.7), while each player still observes only its own channels and moves its
neighbors’ posteriors.

The finite-player noise-state equations have several player labels. A policy kernel maps
a shock attached to one player into another player’s action response; a filter kernel maps
that shock into another player’s estimate; and a belief price prices the effect of changing

another player’s posterior. When players occupy the vertices of a homogeneous graph
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and the model is invariant under graph automorphisms, the relabelings of vertices that
preserve the edges, many of these labels describe copies of the same object.

The results of Appendix 5.A concern a finite vertex-transitive graph, one whose
symmetries can carry any vertex to any other. They show that the best-response map
commutes with graph automorphisms, that a unique equilibrium inherits the graph
symmetry, and that policy, filtering, and adjoint kernels take equal values at positions that
look alike from the reference player’s seat (Appendix 5.A). Cycles and finite Cayley graphs,
graphs whose vertices form a group, admit displacement coordinates. Distance-transitive
graphs, whose symmetries can carry any pair of vertices to any equally distant pair, admit
distance-shell coordinates.

Dynamic models on financial networks motivate the construction. A close precedent
is Feng et al. [36], who solve linear-quadratic stochastic differential games on a directed
chain, building on the directed-chain diffusions of Detering et al. [35]. Related network
dynamics include interacting diffusions for inter-bank lending [39], systemic-risk mean-
field games [27, 28], and contagion with defaults [61]. Here the noise-state, filtering, and
information-wedge objects of Chapter 1 inherit the graph’s symmetries. Section 5.3 builds
a purchase-order market on the cycle. The strategic effect is signal jamming [40], a shift

in mean orders several times the filtering gap.

5.2 From local equilibrium to aggregate behavior

5.2.1 The spatial mean

On a vertex-transitive graph, a local kernel gives every vertex the same row up to a
rearrangement of its entries, so constants map to constants. The spatial mean of Kz is

therefore the spatial mean of  multiplied by the sum of a single row, >, k(7).

Proposition 5.1 (The spatial mean of a local kernel). Let T be a finite group, let
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rz: ' = RP, and let

vell

Then

Kz = (Z k;(r)) T (5.2.1)

rel’
When T is abelian, so that the order of two displacements does not matter, ., k(r) is the

spatial Fourier transform of the kernel k evaluated at frequency zero.

Proof. For each fixed r, the map v +— vr permutes I', so

1
T

S (Ka)(v) = Y k(r) (|§| Zx(vm) - (Z k<r>)

vell rel’ vell rel’
]

On a group, after collecting the nonspatial state, source-time, and observer indices,
each linear part of the state, filter, policy, and adjoint equations that treats every vertex
alike has this form. Proposition 5.1 separates two roles of the equilibrium kernels. Their
deviations from the spatial mean govern dispersion, clustering, and propagation across
distance. Their spatial mean governs the response of the cross-sectional mean. The
first-order condition of Chapter 1 reads schematically as a direct control response plus an
information-wedge correction. On a symmetric graph, both pieces generate local kernels
in primitive coordinates, the Dy, of Chapter 1, the form Proposition 5.1 needs. Write £°*°
for the policy kernel of the exogenous-signal equilibrium (Section 5.4.2); the aggregate
loading is

STE(r) + 30 (k(r) — k°(r)).

r
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The kernel shift affects only nonaggregate variation in the special case

> (k(r) = k™°(r)) = 0.

r

There is no reason for this cancellation to hold. Players in the same network position
share the same incentive to reveal, conceal, exaggerate, or delay, so their distortions point
the same way and add up in the mean rather than cancelling. For example, a common
productivity component may generate less average investment because each local firm

knows that investment reveals information to a few important competitors.

5.2.2 Replication across local economies

Consider M local economies indexed by m, each containing the same finite graph G but
possibly different local shocks. Let

_ 1
Dm,* _
v

m,v,*
> D

veV
be the equilibrium average action in local economy m. The macro average is

1 M

~ (M M,*
D) ):M D™,

m=1
If, conditional on a common macro history C;, the local economies are identically dis-
tributed and conditionally independent with finite second moments, then the conditional

law of large numbers gives

DM L S B[DM | ). (5.2.2)

M—o0

The local noises W% average out across local economies, leaving the row sum Y, dyy4(r, u)

of the equilibrium kernels applied to the common coordinates.
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The order of operations matters. Schematically,
aggregate (local equilibrium) = equilibrium (aggregated local primitives)

in general.

5.3 A purchase-order market on the cycle

The model of this section is heavily inspired by Woodford [118]. There, firms set prices
on the basis of noisy private signals about nominal spending. Because each firm must also
forecast what the others will forecast, prices adjust slowly to a monetary shock and the
shock has persistent real effects. This section keeps that structure and changes one thing.
The signal about nominal spending is no longer an abstract private observation but the
market itself, what a firm can see of its own supplier’s quote and its own customer’s order.
Those signals are other firms’ actions, the observed actions of Chapter 1, and they travel
on the cycle of Appendix 5.B. Firms v € Z/NZ each buy an input from firm v — 1, sell to
firm v 4+ 1 and to households, and set prices in advance (Figure 5.2). Every variable is
a log deviation from a steady state. If x; is a price or quantity and x its value on the
constant path the economy would follow without shocks, the variable in the model is
log(z:/7). For small deviations this is the percentage deviation, so a value of 0.01 means
one percent above the steady state. Prices and quantities that multiply in levels add in
logs, which makes the relations below linear. Figure 5.1 shows one price in both units.

The primitives are quadratic, which keeps the game in the class of Chapter 1.

Primitives

Nominal spending ¢;, the total money households spend per unit time, is a random walk.
Firm v has a productivity af, the output it gets from a unit of input, and faces a household

taste shock 7y, a shift in how much households want its product at a given price. Both
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Figure 5.1: One price in levels (left axis) and as a log deviation from its steady state x
(right axis), the unit used for every variable in this section.

are Ornstein—Uhlenbeck, mean-reverting rather than permanent:
dg; = o, AW}, da;y = —0,ay dt + o, AW", dn; = —0,n; dt + o, dW;"", (5.3.1)

with W4, WY W™ independent Brownian motions, so the shocks are independent
across firms and of the aggregate. These 1 4+ 2N Brownian motions and the observation
noises of (5.3.6) below are the only sources of randomness. At each date firm v chooses
two controls: a quote P, the log price at which it will deliver at ¢ + 7, and an order o},
the log quantity of input it asks firm v — 1 to deliver at ¢t + 7. The delivery lag 7 > 0
turns each control into a delayed row of the state in the sense of (2.1.5):

T = P

Y, it=ol,, dl=o! (5.3.2)

t—7

the price in force, the input arriving, and the deliveries owed to the customer. The price
index, the average of the prices in force, and household demand, the quantity households

buy from firm v, are algebraic in these,
1 v v (¥
Ptzﬁzﬂ-fa Z/f[ =q— P -0 —F)+n, (5.3.3)

and firm v’s output at ¢ is aj__ 4147, since productivity is known when the order is placed.
Household demand falls by 6 times the firm’s price relative to the others’, so # measures
how readily households switch between firms.
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Objective

Firm v sets its price in advance and would like it, once in force, to match a target that
moves with the price index, with real activity, and with its own input cost. It sells at a
markup, so every unit sold to the customer or to households adds to profit; this is the
only reason a seller wants its customer to order more. Output at ¢ was fixed by the order
placed at t — 7, but deliveries at ¢t are whatever the customer and the households ask for
then, so the two can differ. A shortfall has to be bought at short notice while a surplus is
dumped. Orders take effort to place. The input is paid at delivery at the price quoted
now, which makes an order dearer when the supplier’s quote is high relative to the prices
that will prevail at delivery. Firm v minimizes the expected discounted integral of the

flow loss,

L= (p—m) —on(d + ™) +m(ap, i —dy - y)

missed price target markup earned on sales output minus deliveries
(5.3.4)
2 -1
+ (o) + 2coy (Pt” - Pt+7) ,
v .
cost of ordering order times real input price
with target price
vx v—1 v

= P+ &a-P) +¢(n = Pi—a),). (5.3.5)

price index  demand pressure real cost of the input

The target is the price the firm would choose if it knew everything. A firm that sells a
differentiated product prices at its cost plus a markup, and in log deviations from the
steady state the markup is a constant that drops out, so the target moves with cost. Cost
here is the input: the supplier’s price relative to the index, 77! — P, less the firm’s own
productivity a__, since a more productive firm needs less input per unit of output. The
index enters one for one because a firm whose competitors have all raised their prices can

raise its own without losing customers. The output gap ¢; — F;, spending in excess of
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prices, is demand pressure. When households are buying more than the economy produces
at current prices, each firm can charge more, and £ is how much. This is the pricing rule
of Woodford [118], with £ < 1 so that firms move their prices less than one for one with
demand, plus the input-cost term. The second term is the first-order part of revenue at
markup k, and the third gives the order its curvature. The last is the second-order part
of the input bill. The product of order and real cost is bilinear in the firm’s order and its
neighbors’ current quotes, which enter the order’s first-order condition as an exogenous
linear process. The price in force 7y = P _ is a lagged own control and is carried as a
state coordinate. The order’s first-order condition contributes cE[P’™' — Py, | F]. The
buyer orders less when it perceives a high real input price and more when it expects the
price index to rise over the lag, so its inflation motive is a term of its own. The buyer
must decompose the supplier’s quote into inflation and productivity before acting on it.
The loss is convex in the quote through the two squares at ¢ + 7 and in the order through

r and the mismatch term.

Information

Firm v observes exactly its own productivity, its own actions, and its own prices in force.

It observes four noisy channels,

dY;r = SpFdt + s dWt, k=14, (5.3.6)

with

v,l Hw v,2 _ pou—1 v,3 v+l vid __ v—1 .,
St =y, St =P, S;7 =0T, S =0,

its own household sales; the transaction price on its input, whose noise stands for
idiosyncratic freight and discount terms; its order book, whose noise is the orders of
small buyers; and its supplier’s upstream order, seen through industry data. The W¥F
are Brownian motions independent of everything else, and the noise levels s are fixed.
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Figure 5.2: The purchase-order market. Left: the cycle seen from firm v. Goods move to
the right; quotes (red) travel with the goods and orders (blue) against them; households
buy from each firm. Firm v sees its own productivity and actions exactly and the four
channels of (5.3.6) through noise. Right: firm v’s household market at one date. Demand
is the line (5.3.3); supply is fixed by the order placed a lag earlier. At the price in force
the gap between the two is the mismatch term of the loss (5.3.4).

The last three channels are observations of controls, the rows BY, DI of (3.1.2). No firm
observes another firm’s action exactly, and no channel’s noise is another firm’s strategy.
Latent to firm v are ¢, P, n*, the neighbors’ productivities, and the neighbors’ quotes
and orders. Firm v’s information F} is generated by the four channels, a”, and its own

past actions, and a stationary strategy is a linear rule on it,

4 L L
=i+ [Caavst+ [T awss, (5.3.7)
k=1

for each of the two controls, with lags cut off at L.

At t the t — 7 contracts are delivered; nothing decided at ¢ touches them. The firm
reads its channels and its productivity, infers spending and the average of the quotes
being made now, and chooses P’ and oj. Each action carries an information wedge at ¢
and a state price at t + 7, the two terms of the delayed policy line of Chapter 3.

Goods move one way, so the graph is the directed cycle, whose automorphism group
is Z/NZ, the rotations, and the displacement reduction of Appendix 5.A applies with
signed displacements, with two controls per firm, and with the supplier and the customer

in distinct position classes because the cycle is directed. The price index P is the spatial
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mean of the price-in-force kernels, and ¢ — P is the aggregate object of Proposition 5.1.

5.4 Numerical solutions of the purchase-order market

The market of Section 5.3 is solved on a cycle of three firms, inside the rotation-symmetric
class of Remark 5.6. The example does for the cycle what the two-player game of Chapter 1

did for the bilateral case.

5.4.1 Primitives

Unless otherwise stated there are N = 3 firms, the delivery lag is 7 = 0.5, and the
objective is the long-run average cost, as in the numerical benchmark of Chapter 3. The
shocks (5.3.1) have o, = 1, §, = 6,, = 0.5 and 0, = 0, = 1, so productivity and tastes
have stationary standard deviation 1 and half-life 1.4, about three delivery lags. In the
loss (5.3.4) and target (5.3.5): 6 = 4 is the elasticity of household demand to the relative
price, & = 0.15 the weight of the output gap and ¢ = 0.5 the weight of the real input
cost in the target price, k = 0.3 the markup on sales, m = 1 the penalty on the gap
between output and deliveries, » = 0.2 the effort cost of orders, and ¢ = 0.2 the coefficient
of the input bill. The channel noises in (5.3.6) are s; = 2.5 on own sales, s, = 0.3 on
the transaction price, s3 = 0.3 on the order book, and s, = 2 on the supplier’s upstream
order, so a seller sees its customer’s order precisely and a buyer sees its supplier’s order
poorly. Strategies take the form (5.3.7) with L = 24. These values are not calibrated.
They are chosen so that every channel is active and the equilibrium can be inspected, so

the signs and orderings below should be trusted and the magnitudes should not.

5.4.2 Three information structures

The same shocks and losses are solved under three information structures. Under perfect
information every firm observes every primitive shock; there is nothing to filter and
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mean quote P mean order o

perfect information —0.260 1.298
market information, exogenous signal —0.252 1.261
market information, strategic —0.274 1.036
strategic shift (strategic — exogenous) —0.022 —0.225

Table 5.1: Mean quote and mean order at N = 3 under the three information structures.
no action carries information. Under market information a firm observes only its four
channels and its own productivity. The market-information equilibrium is computed
twice. In the exogenous-signal version the information wedge is set to zero in every firm’s
first-order condition. In this counterfactual, each firm optimizes as though its actions
did not change its neighbors’ beliefs. Corollary 1.9 reaches that conclusion when the
neighbors’ observations are genuinely unaffected by the firm’s control; here they are not,
so the wedge is switched off as a counterfactual rather than vanishing on its own. Firms
still filter the same channels; they just cannot teach. In the strategic version the wedge
is kept and the neighbors learn from the actions. The strategic shift is the difference
between the strategic and the exogenous-signal solutions. The difference between perfect
information and the exogenous-signal solution is the filtering gap, the cost of dispersed
information without any strategic response to it. Any perfect-information model can be
run through the same three steps.

The cycle length is the one parameter with a direct empirical counterpart. On the
cycle each firm is one stage of a production chain that closes on itself, so N is the number
of stages. Across 426 US industries the mean upstreamness, an industry’s average number
of stages from final use, 1 meaning direct sale, is 2.09 with a standard deviation of 0.85
and a maximum of 4.65 [8], so chains of two to five stages cover the bulk of production.
Table 5.2 reports the equilibrium over that range and beyond. The order shift is largest
at five or six stages, and the quote shift stays between —0.012 and —0.022. The filtering
gap grows slowly with N, from 3 to 6 percent, as spending has more firms to be inferred
from. The example uses N = 3, the shortest cycle with a distinct supplier and customer.

Nothing below changes qualitatively at other lengths, and the shift at N = 3 is the
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perfect  exogenous gap shift
N information  signal  strategic (exo. — perfect) (strat. — exo.)

3 1.298 1.261 1.036 —0.037 —0.225
4 1.340 1.306 1.018 —0.034 —0.289
) 1.364 1.323 1.020 —0.041 —0.303
6 1.379 1.330 1.027 —0.049 —0.303
8 1.397 1.336 1.043 —0.060 —0.293
12 1.414 1.340 1.062 —0.074 —0.278
24 1.430 1.343 1.079 —0.087 —0.264
48 1.438 1.346 1.090 —0.092 —0.256

Table 5.2: Mean order o on cycles of N firms under the three information structures of
Section 5.4.2.

smallest in the range.

5.4.3 Mean actions and the strategic shift

Table 5.1 reports the stationary means. Removing perfect information but keeping the
exogenous signal lowers the mean order by 3 percent. Letting the neighbors observe the
actions lowers it by a further 18 percent. As in Chapter 1, movement of the mean action
with the information structure is the direct sign that separation fails. Under a separation
principle the three rows would coincide. Here the strategic shift is six times the filtering
gap.

The order shift comes from the buyer’s side of each link. A firm’s order enters its
supplier’s order book, the supplier quotes higher the more demand it infers, and the firm
pays more for its input. Each firm therefore orders less than it would if its order were not
observed. The mechanism is signal jamming [40, 100]. It is the level distortion of limit
pricing [84], in its signaling form, and of career concerns [57], where the distortion fools
no one and persists. The noise-state calculus of Chapter 1 adds the magnitude and its
comparative statics, which need the filtering dynamics. The quote shift is a tenth the size.
The seller’s incentive from Chapter 1, to quote high in the hope that the buyer attributes
the quote to inflation rather than to low productivity, is present, but at these parameters

the transaction price is a precise signal and a firm already learns most of what it needs to
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Figure 5.3: Mean order under the three information structures, against the order-book
noise s3 (left, log scale) and against the volatility of nominal spending o, (right, log scale).

know about the aggregate from its own sales, so the buyer hardly revises its belief when
the seller shades its quote.

Figure 5.3 plots the mean order against the order-book noise and against the volatility
of nominal spending, with the perfect-information level as a reference. With s3 = 0.2 the
order shift is —0.28; it crosses zero near s3 = 1.6 and stays within 0.015 of zero up to
s3 = 3. A large s3 means the identifiable customer’s order is a small part of the supplier’s
order book, the situation of a supplier with many small buyers. In that limit the strategic
and exogenous-signal solutions coincide. The model therefore contains the continuum
case as a limit. The exogenous-signal level barely moves across either panel, so firms that
only filter do not shift the mean; firms that also manage what their neighbors see do,
by an amount that falls with nominal volatility, from —0.264 at o, = 0.25 to —0.172
at o, = 8. A supplier reads its order book as a mixture of its customer’s demand and
spending, weighting each by its variance. When nominal shocks dominate, a large order is
read as inflation and the supplier raises its quote along with the index, which leaves the
buyer’s real input price alone, so the buyer has less reason to hold back. The strategic
shift depends on the nominal regime in the sense of Lucas [77, 78]. The delivery lag
matters much less. Between 7 = 0.1 and 7 = 1 the order shift moves from —0.20 to —0.24
and the quote shift stays at —0.022. The shift comes from observed actions, not from

prices being set in advance.
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Figure 5.4: Response of the quote index to a unit shock in nominal spending at three
volatilities of spending. Dashed: perfect information. Blue: market information with the
exogenous signal. Red: strategic. The dotted vertical line marks the delivery lag.

5.4.4 Impulse responses

The equilibrium kernels are impulse responses to primitive shocks. Figure 5.4 plots the
response of the quote index P, to a shock to nominal spending, per unit of the shock,
at three levels of nominal volatility and under the three information structures.

Under perfect information the spending shock raises the quote index by one at once
and the price in force by one at lag 7. Household demand is up by one until the prices
in force catch up and zero afterwards, so money is neutral apart from the delivery lag.
Under market information the index rises slowly, to 0.09 at 7, 0.53 at 47 and 0.98 at 167,
and demand decays over the same horizon. The innovation reaches each firm through
channels that also carry its idiosyncratic shocks, and firms raise their prices only as fast
as they can separate the two. This is the inertia of Woodford [118], produced here by
the same higher-order expectations, except that the signals are the neighbors’ quotes
and orders. The speed of adjustment is set by the variance of nominal shocks relative
to idiosyncratic ones, as in Lucas [77]. At o, = 0.25 the index is at 0.55 after 167 and
0.93 after 467; at o, = 8 it is fully adjusted within two lags. In every panel the strategic
kernels lie close to the exogenous-signal kernels. The largest difference is 1.3 x 1072 on a
unit shock, and it is not a numerical residual. It is unchanged under a tighter fixed-point
tolerance and a finer grid, grows to 2.1 x 1072 at s3 = 0.2, and changes sign at N = 6.

The spatial mean of the kernel shift, the object of Proposition 5.1, is present in this
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economy but small. It is smaller than the response it perturbs by a factor of about 800,
and smaller than the strategic shift in the mean action, —0.225, by a factor of about 170.
The proposition places no bound on its size, and nothing here shows it is small in other
economies of the class.

On the spending shock household demand responds by one and output by only 0.045.
Output is a;_, + 77, fixed by orders placed a lag earlier, so a nominal shock cannot raise
it on impact. It raises demand against a fixed supply, and the gap enters the mismatch
term of the loss. The real effect of money in this market is a mismatch between deliveries
and demand, and it lasts as long as the price adjustment.

On the productivity shock the two market-information solutions do differ (Figure 5.5).
Firm 0’s quote falls by 0.38 on impact, against 0.52 under perfect information, and the
index by a third of that; demand and output rise by about 1.1 once the lower price is in
force. The order rises by 0.18 on impact and 0.14 at 7 under perfect information, by 0.11
and 0.06 under the exogenous signal, and by 0.14 and 0.08 in the strategic solution, which
also has a second hump at 37 when the customer’s order returns through the order book.
The strategic effect is concentrated in the responses to idiosyncratic innovations, the ones
a neighbor cannot distinguish from aggregate conditions without the signal, and there
the firm responds more, not less. The gap between the strategic and exogenous-signal
responses is present at every level of nominal volatility and largest at intermediate levels,
where the supplier finds an order hardest to read and the buyer finds it most worth shaping.

Table 5.3 collects the size of the kernel shift, the largest difference between the strategic
and exogenous-signal kernels, on the two shocks across ten parameter variants. It is
largest when the input bill’s cross term c is large or the demand elasticity 6 is small, the
two places where a nominal level enters the loss other than through a relative price. On
the productivity shock it rises with the cost pass-through ¢ and with ¢ and falls when
own sales are precise. The sales incentive x leaves every kernel unchanged and moves only

the means.
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Figure 5.5: Response of firm 0’s order to a unit shock in its own productivity at three
volatilities of nominal spending. Dashed: perfect information. Blue: market information
with the exogenous signal. Red: strategic. Dotted verticals at multiples of 7.

spending own productivity

base 1.3 31
delivery lag x2 (7 =1) 1.5 36
quote on ¢q (£ = 0.5) 1.9 16
pass-through x2 (¢ = 1) 3.6 55
cross term x3 (¢ = 0.6) 9.7 50
sales incentive x3 (k = 1) 1.3 31
precise sales (s; = 1) 1.3 3.3
inelastic demand (6 = 1) 6.7 21
calm spending (o, = 0.25) 0.98 14
volatile spending (o, = 8) 0.80 21

Table 5.3: Largest difference between the strategic and exogenous-signal kernels on the
spending shock and on firm 0’s productivity shock, by parameter variant, in units of
1073 per unit shock. Each variant changes one parameter from the base case N = 3,
7=050=4,£=015 (=05, k=03 m=1,r = 0.2, ¢c = 0.2, channel noise
(81,82, 83,54) = (2.5,0.3,0.3,2), 0, =0, =0, =1, 6, =6, =0.5.

In Figure 5.6 the supplier reads its customer’s order for many lags, which is the channel
the order shift runs through, while the buyer reads the transaction price at once and
forgets it within one lag. The kinks at multiples of 7 in Figure 5.5 and in the policy
kernels of Figure 5.6 are produced by the delivery lag. The firm may already have acted
on an observation older than 7, in a price now in force, and the optimal weight on it
changes slope at that age. Each further multiple of 7 is one more round of the same effect
through the neighbors. The two resolutions in Figure 5.6 are indistinguishable, so the

kinks are properties of the equilibrium and not of the discretization.
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Figure 5.6: Four policy kernels of the strategic solution, by the age of the observation, at
two resolutions of the age grid: the supplier’s quote weight on its order book, the buyer’s
order weight on the transaction price, and the quote and order weights on the firm’s own
productivity. Dotted verticals at multiples of 7.

5.4.5 Computation

The solver is the stationary solver of Chapter 3 extended with the delayed-action and
observed-action terms of Section 5.3. Kernels are represented by their values at Chebyshev
points on panels in age, with a panel boundary at every multiple of 7 up to 8 and panels
of doubling width beyond, out to L = 24. A delay is then an exact shift between panels,
and the cost integrals and convolutions are Gauss quadratures on the pieces between
breakpoints. The kernels of delayed processes are never resampled onto the grid, which
keeps the kinks at multiples of 7 exact. The equilibrium is computed as a fixed point
of best responses in the control-free parametrization of Chapter 1, in which each best
response is a single linear solve, and the fixed point is found by Anderson acceleration.
One equilibrium takes about 30 best responses and two seconds. The cyclic symmetry is
used as in Appendix 5.A. The system with every firm on the common strategy is block
circulant (each block row is the previous one shifted by one firm), so it is inverted as N
independent smaller systems, and the firm whose best response is being computed enters

as a low-rank correction.
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Recomputing every equilibrium with 12 nodes per panel and the uniform region
extended to 167 changes the means in the sixth digit and does not move the plotted
kernels. Doubling the window to L = 48 changes the baseline means in the sixth digit
as well. The one exception is the low-volatility case o, = 0.25, whose price adjustment
is slow enough that L = 24 truncates it. Its results are computed at L = 48, where
they agree with L = 96 to three digits. Random starting points converge to the same
equilibrium. The leading eigenvalue of the best-response map at the equilibrium has
modulus about 0.5.

The solvers and figures of this section are the work of Claude Fable 5, a large language
model built by Anthropic [7], working under the author’s direction. Interactive versions

of the dissertation’s computations are collected at sbabichenko.com/noisestate.

5.5 Aggregate interaction and the infinite-network
limit

Reducing by graph symmetry keeps who observes whom and how an action changes a
particular neighbor’s posterior. Incomplete-information macroeconomics needs this detail,
since aggregate dynamics can depend on how dispersed information is converted into
actions [5].

Common aggregate effects can enter the vertex equations without changing the spatial

indexing. A common factor C; may enter every vertex equation,
AX? = (--- 4+ ACy) dt + 0,dC, + o AW, (5.5.1)

or every observation equation. It acts as common noise for the local graph problem. The
relative-position kernels then become conditional on the common history.

Mean-field effects can also sit across local economies. For example, a graph-symmetric
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state equation may include
Ammy,  my = Law (X7, Dg, W2(--) | Clog), (5.5.2)

or a finite-dimensional statistic of that law. The consistency condition comes after the
local vertex-transitive reduction: solve the finite strategic-information problem given
(C,m), then require the law of a single local economy to reproduce m.

The finite-cycle formulas suggest an extension from Cly to Z, but the finite proof does

not itself establish an infinite-player game. Formally one would write

dX} = (aX} + X7~ + BXPT + BXDY) dt + o dW, (5.5.3)
_ t —~
D =D+ Y [ dulr,u) iV (). (5.5.4)
reZ 0

Turning these displays into a theorem first requires a state space for the spatial process.
Spatially homogeneous independent noise is generally not £%(Z)-valued, so the construction
needs a weighted space or stationary-random-field formulation even before the strategic
fixed point. One must also impose enough decay for the policy and wedge sums to converge
and formulate admissible controls and unilateral deviations for infinitely many players.
The remaining step is to prove equilibrium existence or convergence of the finite-cycle
equilibria. The joint age-displacement representation above suggests one route: obtain
estimates uniform in the cycle size for the spatial Fourier transform of the kernels and

then invert it.

Conjecture 5.2 (Finite-cycle approximation). Suppose the best-response map is a con-
traction over short horizons, uniformly in N, that interactions have finite range, and
that the filtering, policy, and adjoint kernels decay exponentially in the distance between
the two vertices. Then the symmetric equilibria on Cy converge locally as N — oo to a

translation-equivariant equilibrium random field on Z.
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5.6 Economic implications and conclusion

The local-to-aggregate architecture changes which local quantities count as macroeconomic
parameters. Local concentration, observation precision, disclosure delays, and the identity
of observable actions can all change the kernel shift. When the same local structure
repeats across many markets, these institutional details change aggregate elasticities and
means even if technology and preferences are unchanged. In the purchase-order market,
the strategic reduction in mean orders is several times the filtering gap, while responses
to aggregate shocks barely move.

The adjustment-cost or sluggish-response coefficient that a representative-agent model
would fit to the aggregate impulse response is not structural here. It changes when a
policy alters local observability or market concentration. This is an information-network
version of the usual warning [79] against treating reduced-form aggregate coefficients
as policy invariant.

The row sum Y, k(r) sets the aggregate impulse response and the individual entries
k(r) set the covariance between neighbors, so the two together over-identify k. The kernel
shift, k — k**°, moves with the information parameters (Table 5.3), which no technological
adjustment cost contains.

An intervention need not target a nationally large player to have a macroeconomic
effect. A disclosure, privacy, antitrust, or reporting rule can change behavior modestly
in every local economy.

The noise-state closes the local hierarchy of beliefs, graph symmetry identifies
equivalent positions, and aggregation comes after solving each finite local equilibrium. On
a finite vertex-transitive graph, best responses commute with relabeling (Proposition 5.4),
a unique equilibrium is invariant under it (Corollary 5.5), and the policy, filtering and
adjoint kernels depend on position only relative to the reference player (Proposition 5.7).
Local shocks may diversify, but a systematically repeated information incentive can

remain in the aggregate response through the kernel’s spatial mean (Proposition 5.1).
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5.A Symmetry reduction on a vertex-transitive graph

5.A.1 Automorphism-invariant games

Let G = (V, E) be a finite vertex-transitive graph, let Z = V" be the player set, and fix a

reference vertex o € V. Write
K = Stab(o) = {g € Aut(G) : go = o}.

The stabilizer K collects the relabelings that leave the reference vertex where it is. For

g € Aut(G), let U, denote the relabeling action on vertex-indexed objects,

(Ug)(v) = z(g ™).

Relabeling moves each vertex’s object along with the vertex. The same notation applies
componentwise to controls, observations, filtrations, strategy profiles, and deterministic

kernels.

Assumption 5.3 (Automorphism-invariant game). For every g € Aut(G), relabeling all
vertex-indexed primitive shocks, initial conditions, state coefficients, observation channels,
costs, delays, and admissible strategy sets by U, leaves the game unchanged. If D is
admissible, then U,D is admissible, and player v’s objective under D equals player guv’s

objective under U,D after the same relabeling of primitive randomness.

Figure 5.7 illustrates the position classes on two graphs. On a cycle, displacement
from the reference vertex indexes the vertices. On a distance-transitive graph such as

the Petersen graph, the equivalent positions are the distance shells.
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Figure 5.7: Position classes on two graphs. Vertices with the same shade occupy equivalent
positions relative to the filled reference player.

5.A.2 Relabeling commutes with best response

Equivariant means relabeling before the map matches relabeling after. For a strategy
profile D, write BR(D) for the profile whose vth component is player v’s unique
best response to D™". When individual best responses are not unique, read BR as a

correspondence and the equality below as equality of sets.

Proposition 5.4 (Equivariance of the best-response map). Under Assumption 5.3,
BR(U,D) =U,BR(D), g € Aut(G). (5.A.1)

Proof. Fix g € Aut(G) and a profile D. Let D" be any admissible deviation for player
v. Assumption 5.3 gives a bijection between deviations of player v against D™ and
deviations of player gv against (U,D)™ 9", namely DY Ugﬁv. The bijection preserves
the objective values. The deviation DV then minimizes player v’s objective against D™
if and only if UglN)” minimizes player gv’s objective against (U,D)™9". Applying this

statement at every vertex gives (5.A.1). O

Corollary 5.5 (Symmetry of a unique equilibrium). Under Assumption 5.3, if the Nash
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equilibrium D* is unique, then
U,D* = D", g € Aut(G).
Proof. Because D* = BR(D*), Proposition 5.4 implies
U,D* € U,BR(D*) = BR(U,D").

The profile U,D* is then also a Nash equilibrium. Uniqueness gives U,D* = D*. O

Remark 5.6 (Solving among symmetric profiles). Even without global uniqueness, Propo-
sition 5.4 implies that the subspace of automorphism-invariant profiles is mapped to
itself by the best-response map. Any fixed point obtained there is a Nash equilibrium of
the original finite game whenever the best-response closure of Chapter 1 applies against
arbitrary admissible deviations. Symmetry reduces the deterministic fixed-point problem,

but it does not restrict an individual deviating player to symmetric deviations.

Proposition 5.4 says that relabeling the local economy and then solving it gives the
same equilibrium as solving first and relabeling afterward. This holds for the endogenous

filtering and belief maps as well as for the state dynamics.

5.A.3 Kernels indexed by relative position

Fix a graph-symmetric equilibrium. At the reference vertex, write a policy in noise-state

coordinates as

_ t _— _—
Di=Di+ Y /0 dy(w,w) dWo(w, ),  We(w,u) = EW® | F. (5.A.2)

weV

The kernel d;(w, u) weights the reference player’s estimate of the shock that hit vertex w

at time u.
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Proposition 5.7 (Stabilizer-orbit reduction). Under Assumption 5.3, let D* be an
automorphism-invariant equilibrium, U,D* = D*. Then every deterministic one-point

kernel attached to the reference player is constant on K-orbits. Fxplicitly,

di(gw,u) = di(w,u), g € K. (5.A.3)

Here Fy(w,w';u, s) is the reference player’s filter kernel from the shock at vertex w' and
time s to its estimate of the shock at verter w and time u, and Hy(w,w';u) is its belief
price on player w’s estimate of the shock at vertex w' and time u. A two-point filter
kernel and a two-point belief prices are invariant when both vertices are moved by the

same automorphism,

Fi(gw, gu'su, s) = Fy(w,w'; u, s), (5.A.4)

Hy(gw, gw';u) = Hy(w, w'; u), (5.A.5)

forall g € K.

Proof. Fix g € K. Since go = o, the relabeling U, leaves the reference player fixed while
permuting every source vertex. The equilibrium is symmetric, U,D* = D*. Apply this
identity to the noise-state representation (5.A.2). The blueprint of Chapter 1 is the linear
map with deterministic kernel from the primitive shocks dW to the reference player’s
estimated shocks dW"; expanding each estimate through it writes D° on the primitive
coordinates, where the deterministic L? representation is unique because the primitive
coordinates are orthogonal. The relabeling permutes those coordinates, so the kernel in
primitive-shock coordinates at w and gw agree. The blueprint commutes with U, for
g € K by Assumption 5.3, so composing the primitive-coordinate equality with it gives
the same equality for the noise-state kernels on its range, which is (5.A.3). The linear
map from source coordinates to the reference player’s conditional estimates defines the

filter kernel, so applying the same relabeling simultaneously to its two spatial indices
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gives (5.A.4). The adjoint equations are the transpose linearization of this equivariant
forward system with an invariant quadratic cost source; uniqueness of their solution

gives (5.A.5). O

Corollary 5.8 (Displacement and distance-shell coordinates). On a finite Cayley graph,
group displacement from the reference vertex may index the kernels. On the cycle Cy,

this gives

_ t _ _
Dy =D+ Y [ ) dWiu),  Wru) =W R
rez/NZ"0
If the model is also reflection invariant, then dy(r,u) = di(—r,u). On a distance-transitive
graph, every one-point kernel attached to the reference vertex depends only on graph

distance dist(o, w).

Proof. For a Cayley graph, left translation, multiplying every vertex by a fixed group
element, carries any vertex to the reference vertex and converts an ordered pair of vertices
into their group displacement. This uses only invariance under the translations; when
the model is also reflection invariant, Proposition 5.7 identifies » with —r. In a distance-
transitive graph, the symmetries fixing o carry any vertex of a distance shell to any other,

so a kernel constant on position classes depends only on dist(o, w). O

The information wedge inherits the same reduction. If V;(w) denotes the contribution

of opponent w to the reference player’s wedge, then

Vi=) Vi(w),  Vi(gw) =Vi(w), g€K.
w#o

The sum can then be grouped by position class, with each class’s contribution multiplied
by the number of positions in it. The number of distinct relative positions controls the

number of equilibrium objects, not the number of ordered player pairs.
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5.B A finite-cycle market with delayed observation

Take V = Z/N7Z. A nearest-neighbor LQG state is
dX? = (aXP + BXP7" + BXPT 4+ BYDY) dt + o dW, (5.B.1)

with local observation

dY)' = BY XY dt + dW}. (5.B.2)

All indices are modulo N. Any bounded automorphism-equivariant matrix can replace
the nearest-neighbor term: the adjacency matrix, the graph Laplacian, a finite-range
convolution. Corollary 5.8 reduces all deterministic one-point kernels to displacement
coordinates. Two-point filters and adjoints retain two relative indices because they
compare two source locations.

Let each vertex w emit a local signal
dzP = oxXpPdt + dW/". (5.B.3)
Vertex v observes Z% with delay A(v,w). The delay rule is graph symmetric when
A(gv, gw) = A(v, w), g € Aut(G). (5.B.4)

On the cycle this becomes

A(v,w) = Ay_yp-

At vertex 0, the filtration contains

Z, for s<t—A,. (5.B.5)
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The filtering equation has birth surfaces

u=t—A»A,, (5.B.6)

indexed by relative position. Each surface marks the source time at which a delayed
signal first enters the filtration. In the finite-player notation these are delayed observation
rows. An observation delay small in each local economy can change the equilibrium
coefficient at a given relative position and so alter the aggregate response in (5.2.2).
The delayed rows are the local counterpart of Chapter 2, where an observation delay
changes the birth and predictable-correction terms of the filter inside each local economy.
On a stationary finite cycle, shock age and displacement can jointly index policy, filtering,
and adjoint kernels. Spatial Fourier transforms and the temporal transforms of Chapter 3
can then split the linear filtering and adjoint steps into N independent smaller problems.
The Kyle-Back market of Chapter 4 is a setting of this kind: a locally informative action

also moves an aggregate price.
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Chapter 6

Monitored Deviations: Naive

Distortions and Privy Responses

6.1 Introduction

Chapter 4 retains the classical Kyle-Back division of roles, in which informed traders
choose strategic controls while the competitive market maker’s pricing rule is pinned
down by conditional-expectation consistency. The price is then not a control the market
maker can deviate from unilaterally. A strategic market maker requires a different
equilibrium test. Its quote must be an admissible control, and changing the quote
unilaterally must not improve its payoff.

Such a deviation is not hidden inside aggregate order flow. In the transparent market,
traders observe the information needed to recognize a departure from the market maker’s
quote rule. The deviation propagates through the other players’ strategies before returning
to the market maker’s objective. Pricing this feedback requires a coordinate for each
player who sees the deviation and responds to it, and an adjoint valuing the resulting chain
of responses. The finite-horizon response calculus below defines these objects. Applying it

to a strategic stationary market maker additionally requires specifying the market maker’s
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objective, solving the market equilibrium, and translating the gains, one for each pair of
a deviating player and a player who responds to it, into the lag coordinates of Chapter 3.

The preceding chapters vary what players know about nature, the projection Wi, while
every deviation stays hidden inside others’ filtering. This chapter varies what players
know about the origin of an off-equilibrium deviation.

In Chapter 1 the deviation’s origin is known exclusively to the deviating player. The
deviating player knows the drift it inserted, so its own innovation is invariant, while
every other player attributes the resulting movement to primitive shocks and filters it
accordingly. The information wedge V* prices this unrecognized-deviation channel. It
does not record how another player changes its strategy after recognizing who deviated.

Here a deviation may instead be monitored. A player who knows its origin, a privy
player, treats it as a labeled, perfectly observed, zero-variance shock and responds
through a separate strategy coordinate. A player who does not know its origin, a naive
player, continues to filter its effect as ordinary primitive shock. The same seed can
generate privy responses for some players and naive filtering for others. The convention
of Chapter 1 is the corner in which no opponent monitors the deviation, while a publicly
attributable market-maker quote lies in the opposite corner in which every relevant
opponent is privy. When every opponent is privy, a deviation moves no opponent’s beliefs,
the information wedge vanishes, and equilibrium play is the separation principle applied
to the closed-loop strategies of the perfect-information game [16, 25]. In the classical
perfect-information game every player sees the shocks and is privy. The monitoring
relation (Definition 6.1) moves the game between these corners; Proposition 6.13 recovers
the two endpoints exactly. The naive players here differ from the deceived agents of
the adversarial-deception literature [67, 119]. Their strategies remain equilibrium best
responses, and their inference is Bayes-correct given their information (Remark 6.3); they
lack only the origin label. Table 6.1 locates the four regimes. This chapter mixes the two

columns: the same deviation can be observed by some players and unobserved by others.
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deviations

shocks  unobserved observed

observed open-loop Nash closed-loop Nash
filtered  Chapter 1 all-privy corner

Table 6.1: Four information regimes. The monitoring relation moves the game along the
bottom row, and Proposition 6.13 recovers its two corners exactly; the top row is the
classical pair.

Mathematically, monitoring enlarges the forward system. A labeled deviation gives
every player who sees it a response coordinate, in addition to any shifts in ordinary noise-
state estimates, so merely removing privy players from the wedge sum would omit their
strategic responses. The response is the linear perturbation implied by the equilibrium
policy kernels, not a re-solution of the game after the deviation. For each responder—origin
pair one backward equation, (6.5.16), gives a gain H’* and the response to a seed at
any time t is read off by (6.5.23), so no forward—backward system is solved per seed time.

Index roles are fixed throughout this chapter. The pair j < i always reads “responder
j, origin 7.” Symbols carrying both k or k£’ and j < ¢ identify the ordinary noise-state

row or column inside that responder—origin map.

6.2 Baseline noise-state setting

The objects of Chapter 1 carry over. Let Z = {1,...,n} be the player set and let the
primitive uncertainty be a Brownian shock path . The state and player ¢’s observation

evolve as

dX, = <B§§ X+ BX(1) D;ﬂ) d+E°dW,,  dY; = BY(t) X, di+E dW,, (6.2.1)

m=1

so that player m’s control enters the state through the control-to-state map BX, and B}?i

is the state-to-observation map; E° and E* load the common shocks W into the state and
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into player i’s observation. Player j observes a filtration F/ and carries the noise-state
Wi(u) :=E[W, | Fi], 0<u<t, (6.2.2)
and its equilibrium action is noise-state linear,
S t .
Di=Di + / D (u) dW (u). (6.2.3)
0

Here “linear” refers to linearity in the represented shock coordinates, not to linearity of
the kernels, themselves determined by nonlinear fixed-point equations.
Each player’s running cost is quadratic in the joint physical-state and control variable,
as in (1.3.2), with Hessian
GXXJ(S) GXDJ(S)

GI(s) = ' ‘ , GPXi(s) = (GXPI(s))T. (6.2.4)
GPXi(s) GPPI(s)

Throughout, G7(s) satisfies the Schur condition (1.3.3) of Chapter 1.

6.3 Deviation origins and monitoring

6.3.1 The monitoring relation

The monitoring relation is directed. Every player knows the origin of its own deviation,
so the relation is reflexive and the set of privy players includes the deviating player itself.
The blip-of-irrationality convention of Section 6.4.2, a single forced departure after which
the deviating player resumes equilibrium play, fixes what this means for the deviating

player’s own continuation.
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Definition 6.1 (Monitoring relation). Write

= (6.3.1)

if player j can resolve deviations whose origin is player i. Equivalently, when player ¢
creates a deviation seed, the impulse that starts the deviation, player j observes its origin
perfectly and treats it as a separate deviation shock rather than filtering it as part of
the primitive uncertainty. The relation is reflexive, so ¢ > i for every i. Throughout,
a deviation is a control spike z of player i, and v; = B;¥(t)z is the state impulse it
produces; the seed carried by the forward system is v;, not z. It is the state impulse

alone; Chapter 4’s seed was the filter displacement a spike leaves.

For each origin 7, define

P;:=Privy(i) ={j€Z:j>i}, N; := Naive(i) :==Z \ P;. (6.3.2)

The set P; contains every player who observes i’s deviation seed, the deviating player
among them, while N; contains the players who do not.

A common source of the relation is information inclusion. If every information source
available to player 7 is also available to player j (for example F; C F}, with observation of
i’s policy rule and action channel), it is natural to set j > ¢. Inclusion is sufficient: j can
compute i’s equilibrium action, and any gap between it and the realized action is ¢’s de-
viation. It is not necessary: j may observe i’s action directly, a posted quote for instance,
without observing i’s signals, as in Section 6.8. The calculus below requires only the rela-

tion I>; the modeler specifies the institutional or informational mechanism that generates it.
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6.3.2 'Transitivity

Transitivity is assumed:

k> j>i = kD> (6.3.3)

The condition is substantive. Suppose j is privy to ¢ and so responds to i’s seed. If k is
privy to 7 but not to ¢, then k sees j’s response while lacking the coordinate needed to
represent the cause of that response. The response chain is then ill-typed: k can identify
the proximate actor but not the root seed, a murder mystery.

Contrapositively, if k is naive to ¢ and j is privy to ¢, then k£ must also be naive to j’s

response to ¢:

ktti, j>i = kb jforevery j responding to the i-seed. (6.3.4)

Transitivity is the monitoring analogue of partial nestedness in team theory [55]. There,
an agent affected by another’s action observes that other’s information; here, a player

who sees a response also sees its origin.

Lemma 6.2 (Naive sets). Under transitivity (6.3.3), N; C N for every privy player
j € P;. A player naive to the deviating player is naive to every response by a privy player
J € P;. Section 6.5 reads this as a containment of index sets: the rows of every gain,

indexed by N, contain its columns, indexed by N;.
Proof. If k € N; and j € P;, then (6.3.4) gives k ¢ j, so k € N. O

Remark 6.3 (No smoke without fire). Consider the ill-typed case above, in which k observes
player j’s response to an i-origin seed but not the origin i. Seeing only the response move
the state, k could not treat it as a labeled coordinate. It would have to attribute the
movement by Bayes’ rule, forming a posterior over which origin produced the response,
supported on every deviation k cannot rule out. That posterior is not a free belief but

an equilibrium object. Transitivity is exactly the condition that forbids this case. On the
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privy side the attribution never arises: a privy player’s response kernel D’ is indexed
by the originating seed i, not by an inferred mixture over possible origins. To rule out

this attribution problem, no player may see smoke without seeing the fire that caused it.

With reflexivity and transitivity, > is a preorder. If i > j and j > ¢, then ¢ and j are

mutually informed about each other’s deviation origins.

Assumption 6.4 (Perfect transitive monitoring). The relation > is reflexive and tran-
sitive, and monitoring is perfect: a player either observes a deviation origin exactly or
not at all, with no intermediate noisy observation. Formally, j > ¢ means that player j’s

strategies may depend on the coordinate 2* € Z; of Remark 6.5.

This assumption is maintained for the rest of the chapter; Remark 6.12 returns to the

role of perfect observation and to what fails when it is dropped.

6.4 Naive versus privy coordinates

Monitoring breaks a convention every other chapter relies on. The control is noise-state
linear, (6.2.3), and everything a player could react to reaches it through Wi, an
opponent’s deviation included, since a deviation enters the observation stream and is
filtered like any other movement of the state. A monitored seed is not like that. It moves
the physical state, and it moves the beliefs of the players who do not recognize it, but for
a player who does recognize it there is nothing to filter. The seed has zero variance under
the equilibrium law, so it is not a coordinate of any noise-state, and a strategy written
as a function of W7 alone cannot respond to it. The response has to live somewhere else.
A strategy must therefore split into two parts. The on-path part is the policy kernel of
the other chapters. The response part is a kernel on the labeled seed coordinate, zero on
the equilibrium path and pinned only by what the player would do off it. Section 6.4.3

makes the decomposed object the strategy of the monitored game.
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6.4.1 Naive and privy players

A naive player k € N; does not recognize the deviation seed v;(s) as a deviation. Its
physical effect enters k’s observation stream, and k filters that effect as if it were evidence

about the primitive shock path. The ordinary noise-state changes:
Swi (u; s) # 0, ke N;. (6.4.1)

Throughout, dw is the noise-state perturbation in density form, d, SW(u) = dwk(u) du;
the singular part II* dW, does not vary. For a privy player j € P;, the ordinary shock
estimate does not change when ¢ deviates:

Swl(u) =0 for the ordinary fundamental-shock coordinate. (6.4.2)

Instead, j receives a separate input coordinate, the deviation seed v;(s) (Remark 6.5).

The seed enlarges player j’s sufficient statistic from Wi to
(W7, {ui(s) : j = i}). (6.4.3)

This labeled coordinate needs a response kernel of its own.

Remark 6.5 (Deviations on their own factor). Deviations live on their own factor. Let
Z; be player i’s admissible deviations, the L? control paths of Chapter 1, and Z =[], Z;.
Player j’s strategy is measurable in 7 and in the factors Z; with j > i, its own among
them, and constant in the others. Under the equilibrium law the seed has zero variance,
so a naive player’s filter carries no coordinate for it and never anticipates it; a privy player
reads it as a known input. At fixed equilibrium gains the displaced state, filters, and
responses are affine in z € Z, so the coefficients below are exact for finite deviations, and
two deviations, from one origin or several, displace by the sum. The seed affects conditional

means but not conditional covariances or the ordinary filter for the primitive shocks. A
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monitored deviation can move a privy player’s action but cannot manipulate that player’s

ordinary noise-state. That perfect observation keeps the privy response affine in the seed.

As in the Chapter 1 spike variation, v denotes the induced state impulse, the state

movement a control spike produces. The forward variational system starts from

If the underlying control-space spike is z, then v = BX(t)z, and the deviating player’s
first-order condition pulls the state price back to control space through (BX(t))T H;*".
The kernel D{ <_i(s) represents a privy player’s response to an observed state impulse,
normalized per unit state impulse; equivalently a control-space spike first maps into the

state impulse and then propagates.

6.4.2 Blip of irrationality

The convention that fixes how privy players continue off equilibrium is a blip of
irrationality, in which a deviation is a single forced departure from ¢’s best response,
after which i continues through its own response kernel D*~. The other players do not
read the blip as evidence about i’s type or as a loss of reputation. Continuation play
treats the deviation as bygone, as in Markov perfect equilibrium [83]. The responders
price the mechanical effect of the seed and carry on as though 7 is again rational.

The seed spawns no independent root seeds. It induces responses that change the
state and feed naive filters and other controls, but each response, the deviating player’s
own included, is a deterministic linear function of v;(s) within the per-origin system.

Chapter 1 needed no such convention. No opponent observes a deviation’s origin,
so how the deviating player’s own future departures are grouped into seeds is invisible
to every other player, and only the total control path matters. Once some players are

privy, the grouping matters. A responder reacts to each labeled seed it observes, so what
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counts as one seed with its continuation, rather than several separate seeds, determines
the responses. The blip convention pins this down. Given it, the deviating player’s own

deviation calculus does not depend on how a departure is decomposed.

Lemma 6.6 (Blip and frozen continuations). Fiz an origin i. For a seed time t in the
horizon [0,T] of Chapter 1, let e, denote the control spike at t followed by the frozen
continuation, as in Corollary 1.11. Let by denote the same spike followed by the blip

continuation, in which 1 resumes its equilibrium response. Then
T
by =€+ / K(s,t)esds, (6.4.5)
t

where K is the bounded strictly causal kernel generated by the deviating player’s response to
its own seed, and Id + K is invertible on the space of admissible L* deviations, the control
class of Corollary 1.11. Consequently the families {e;} and {b;} span the same space of
admissible deviations, and the deviating player’s first-order condition (6.5.36) is the same
under either convention. The deviation quadratic forms of Corollary 1.11, written in the
two bases as Q. and Qy, are related by the invertible change of variable (Id + K'), with

Qp = (Id + K)*Q.(Id + K), so one is positive definite exactly when the other is.

Proof. The two continuations agree on |0, ¢] and differ on (¢, 7] by the response path that
the blip convention appends, the linear image of the seed under the deviating player’s own
response kernels propagated through (6.5.8). This difference is an admissible control path
supported on (¢, T], and every such path is a superposition of frozen spikes at times s > t;
reading off the coefficient of e, defines K(s,t). The kernels are bounded on the compact
horizon (admissibility), so K is a bounded Volterra operator and Id 4+ K is invertible. The
inverse is given by the series Id — K + K? —- - - because K is strictly causal, feeding a spike
at t only into times after ¢. Both families parameterize the same space. A linear functional
vanishes on a spanning family exactly when it vanishes on the space, which gives the

first-order claim. Substituting b = (Id+ K')e into the deviation quadratic form gives @, =
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(Id+K)*Q.(Id+ K), and an invertible change of variable preserves positive definiteness. [

The exact finite-deviation identity of Corollary 1.11 transfers through (Id + K),
so verifying a blip-convention profile against all admissible deviations reduces to the
Chapter 1 identity.

Monitoring creates two belief freedoms that the all-naive setting of Chapter 1 lacks.
A player who sees a movement may need to know who caused it, and a player who sees a
seed may need to know what the deviating player will do next. Transitivity closes the
first, so no attribution belief is ever needed (Remark 6.3), and the blip convention closes

the second by fixing the continuation.

6.4.3 The monitored game and its equilibrium

The primitives of the monitored game are the baseline game of Section 6.2, the monitoring
preorder of Definition 6.1 under Assumption 6.4, and the blip convention. A strategy for
player j has two parts. On the equilibrium path it reduces to the noise-state linear map
(6.2.3). Off the path, player j’s strategy may depend on the coordinates z* with j > i
(Remark 6.5), and it specifies a response kernel pair (DI*4X Di<4W*) for each origin i

with 7 > i. A player’s full feedback map is the pair of on-path kernels and response kernels.

Definition 6.7 (Monitored-deviation equilibrium). A profile of full feedback maps is a

monitored-deviation equilibrium if

(i) for every player i, no admissible control deviation improves i’s payoff against the
other players’ full feedback maps. The deviation’s consequences are generated by
the monitoring structure: each privy player responds through its response kernels

and each naive player filters the deviation’s effects with its equilibrium filter;

(ii) for every origin 4, seed, and privy player j € P;, player j’s response is optimal for j

conditional on the observed seed, against the other players’ full feedback maps.
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Condition (ii) is sequential rationality, optimality conditional on events that
equilibrium play never produces. A seed occurs with probability zero, so (ii) changes
no player’s ex-ante payoff. It pins the response kernels. For 7 = ¢ it pins the deviating
player’s own post-blip continuation. At first order, (ii) is the privy player’s first-order
condition (6.5.9), with the response kernels (6.5.23), and (i) is the deviating player’s
condition (6.5.36); both come out of the rectangular backward system of Proposition 6.9.
Lemma 6.6 lets one verify condition (i) beyond first order. The finite-deviation identity of
Corollary 1.11, transported to the blip basis, expresses the payoff change of an arbitrary
admissible deviation as its first-order term plus a quadratic form in the deviation.
Verification requires this quadratic form to be positive semidefinite.

Existence is a separate question. At the corners, Proposition 6.13 reduces the concept
to systems with known existence theory, the coupled Riccati equations of the closed-loop
game [16, 26] and the finite-horizon results of Chapter 1. Away from the corners the
profile and the response kernels form one fixed-point problem, the one the market of

Section 6.8 poses; a general existence theorem is open.

6.5 The seed-dependent system

Fix a deviating player 7 and a seed time ¢, with privy set P; and naive set N as in
(6.3.2). The state dynamics are (6.2.1), with player m’s control entering through BX.
We first derive the forward equations and the privy player’s response to the seed. We
then write the backward system in operator form and in coefficient blocks, before treating

the deviating player’s response to its own seed.
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6.5.1 Forward deviation equations

The initial condition for a state impulse by player ¢ at time ¢ is
0, X, =, SwF(u) =0 (keN;, 0<u<t). (6.5.1)
For s > t, the displaced state is
((Z-XS, {0wh(u) ke N;, 0 <u< s}) : (6.5.2)

The state equation is

iéiXS = B3 (s)0,;Xs + > /s B (s) DY (u) 6wk (u) du+ BJX(S) DIl (6.5.3)
0

ds keN; JEP;

For each naive player k € N;, define the naive error variation
5 X = 6,X, — / X (s,7) §0"(r) dr. (6.5.4)
0

The kernel X (s,r) is the impulse response of the state at s to a primitive shock at r. It
carries no player index, since the dynamics are common; integrating it against the truth
gives the state, and against a player’s estimates gives that player’s estimate of the state.
Player k’s unresolved-state kernel X' *(u) of Chapter 1 is the part of that response player

k has not yet resolved, and its innovation kernel is
CEY (1) := BY*(s)XF(u). (6.5.5)

The naive filter variation has an interior revision equation

Os6;w (u) = (éfy(u))TB§k(s) 5XP", 0<u<s, (6.5.6)
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and a birth term

s;wk(s) = E*T BY"(s) 0, XF. (6.5.7)

Substituting (6.5.4) into (6.5.6), the coefficient of 6;w%(r) in d,6;wF(u) is

—CY (u) " BY"(5)X (s,7).

This is the belief-belief block of the generator, and it is not symmetric in (u,r): the lag
u being revised enters through the error kernel, the lag r of the shock being estimated

through the state kernel. That asymmetry makes the generator non-self-adjoint.

6.5.2 A privy player’s response

Fix a privy player 5 € P;. To compute player j’s response to the origin-i: seed, one tests
whether 7 would profitably deviate from its proposed response. This introduces a second,
hypothetical, j-origin spike. The i-seed and this test j-seed are distinct labels. In the
gain defined below, the rows are indexed by N, the players naive to j, because they come
from player j’s own deviation problem; the columns by N, the players naive to ¢, because
they come from the already-realized i-origin displacement.

Let the closed-loop coefficients for an a-origin deviation be

Ai(X(S) _|_ Z BX Dq(—aX
acPe (6.5.8)
AXY (s,u) == B (s )+ > B (s) DX (w),  peN,.
q€Pa

These coefficients use the response kernels appropriate to the origin label a. When a =1
they propagate the observed i-seed; when a = j they are the row-side coefficients that
price a hypothetical deviation by j.

The i-variation of player j’s closed-loop adjoint has rows §; HX and §; H!V H.g (u) for
k' € N, dual to the row state S7. The next two subsections write it as one rectangular
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gain, first in operator form and then in coefficient blocks, with source Gg;f_ "
Player j’s first-order condition, conditioned on its own information F7, gives its
response. Player j’s strategies are measurable in the factor Z; (Remark 6.5), so the

origin-i seed is a known input to j. Subtracting the condition player j satisfies on the

equilibrium path from the one it satisfies after the i-seed gives
0 = GPPI(s) ;D] + GPX () X, + E[(B; (s) 6, HY | Fi| . (6.5.9)

Player j observes the i-seed, and the forward and adjoint systems are linear with deter-

ministic coefficients, so the conditional expectation collapses:

5,03 = —(GPPI(s)) [GPX(5) 8. X, + (BX(s)) 6, HX). (6.5.10)

Remark 6.8 (Two labels, no cross term). The forward system is affine in the seeds, so
the 7- and j-labeled forward effects add, and the test uses the same gains as the ordinary
j-origin deviation problem. The i-seed shifts the value of player j’s adjoint while leaving

that gain system intact.

6.5.3 Operator form and source

The operator notation compresses the seed-dependent physical and noise-state equations
above. Stacked symbols collect Chapter 1 coordinates, and the rectangular gain H’<*
collects their adjoint responses into one backward solve.

An i-origin seed moves the noise-states of N;, while a hypothetical deviation by j
moves those of N;. There is then no single displaced state, so the origin label indexes it.

For any origin label a, define the state attached to that origin by
S = (XS, {WP(u) :peN,, 0<u< s}) : (6.5.11)
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The superscript a is the origin label, and the noise-state fields are those of the players
naive to origin a.

For an a-origin deviation, write
0aS% = (0aXs, {0awP(u) : p € NL}). (6.5.12)

The deviation dynamics are

C;iéaSg = A,(5)0,5%, Au(s) = A¥(s) + All(s), (6.5.13)

where A" is the controlled-state transport part and Afl is the filter birth-and-revision
part. Throughout, A, is the full generator and AX¥ its physical-state block.

In coordinates, the X row is (6.5.3) with the coefficients (6.5.8) at label a, and the
filter rows are (6.5.6)-(6.5.7) for p € N,. The same non-self-adjoint generator template
is used for every origin label. On the row side of a Sylvester equation it is A¥; on the
column side, A,.

Fix an observed seed of origin i and a privy player j € P;. The i-origin state S°

supplies the columns and S’ the rows, because player j’s adjoint lies in the dual of S7.

The rectangular gain is then one operator
HICH: ST (89, §HY = HI*5,S. (6.5.14)

In block form,

o XX ji HXWF i, N,
HI¢ = ’ U, ()} ke . (6.5.15)

I Kk e s
(I X ) e, (YW 1) e e
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At the operator level, the backward equation is the rectangular Sylvester equation

—HIT = T+ Aj(s) HIT + HITMAy(s),  HET =T G (D). (6.5.16)
The source is player j’s ordinary running cost, differentiated once along j’s own
deviation direction and once along the i-seed direction, the Hessian G? evaluated on the
two directions. Let I1% : S* — X be the physical-state projection. Let D77 : 9 — DJ

be player j’s response to its own seed, and let D’ : S* — DJ be player j’s response to

an ¢-origin seed. Then

Glgt = G (s) : (6.5.17)

For j = 4, the row and column maps coincide and G%7 is symmetric. For j # i, GZ&" is
generally rectangular and nonsymmetric.
Write the response kernels as

6iD] = DI N6X, + 30 [ DI (gl .
keN; 70

. / (6.5.18)
§; D7 = Dg“j’Xész + Z / ngH?W" (u)éjwfl (u) du.
k' eN; 0
Then the source blocks of (6.5.17) are
Gﬁf{i’jH _ GXX,]'(S) + GXD,j(S)DgH,X + (Dg‘_j’X)TGDX’j(S)
+ (DI GPPI(5) pIi-X (6.5.19)
Gae 7'(r) = GXPI()DIT () 4 (DI TGPPI) DI (), (6.5.20)

Gl ™77 () = (DI () TGP () + (DI () TGP (5) DI, (65.21)

Gy () = (DI () TGP (5) DIV (1), (6.5.22)
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The response kernels themselves are

DI i —(GPPI ()T [GPY (5) + (B () THINI,
(6.5.23)

DIV () 1= —(GPPI ()T (B () THIV TN, ke N

Together, (6.5.16), (6.5.17), and (6.5.23) form a rectangular Riccati-Sylvester fixed point.

6.5.4 Coeflicient blocks

The gain equations are the coefficient form of the seed-dependent system. The four block
equations below share one backward template, specialized to a row coefficient and a

column coefficient.

Proposition 6.9 (Rectangular gain reduction). Fiz an origin i and a privy player j € P;.
Under Assumption 6.4, suppose the variations 6; X7 and 5Z»HWkl’j, k' e N, are linear in

(6;X, 0;w*) with bounded deterministic coefficients. Then they take the rectangular form

SHX = HXXicis X, + 3 /0 HXWEISi() Sk (r) dr, (6.5.24)
keN;

SHW () = HYV X ()5, X, + Y / HVYWRIS () Sk (r) dr. (6.5.25)

keN; 70
The coefficient functions solve (6.5.28)—(6.5.32), with source blocks (6.5.19)—(6.5.22).
Equation (6.5.23) then recovers player j’s response to any realized origin-i seed without

solving a new forward-backward system for each seed time.

The filter contraction. The filter generator enters the adjoint through one operator and
its transpose. For a naive player £, the filter contraction of Chapter 1, equation (1.4.9),

acts here on a noise-state lag field M by

BY M = E M(s) + / COFY (1) M(r) dr, (6.5.26)
0
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column term HA; (origin i)

+ HXAXX +HXAFW
N + 3, HV B+ B, — HW' BT B, X (s,r)
5 X W* (ke Ni)
% 4+ AXXT X
o) J TXX _ XX : k k
7 " X | -HXX=GF+ - —HXWE(r) =GV (1) + -+
S+ x, Blw v ! '
T N
» + AXVV THX k/ . ’7 ’ . ’ ’
2 T AT —— WN —HW" X () = G X () + - —HWE W (u,r) = G W (uyr) + -
XTBy" BEHWT K EN;
5 X
)
+
3
]
—

Figure 6.1: Reconstructing the backward system —H*® = G + ATH + HA;. Row terms

come from ATH (left), column terms from HA; (top); the W _row revision and the
W¥-column residual term carry the opposite sign. Each cell is completed by adding the
two terms on its row margin and the two on its column margin; the dot is the free index,
filled by the cell’s column on the row margins and by its row on the column margins.

the filter birth E¥ at lag s together with the revision C*-Y at interior lags. Its transpose

acts on a field N from the right,
NBFT .= N(s) EFT + / N(r) (CKY (1)) dr. (6.5.27)
0

Contracting the responder’s W*-row on the left, 8% H w ¥ for K € N, gives the cost
to player j of the players naive to it treating its own hypothetical deviation as noise,
the sum over N in (6.5.28). Contracting the deviating player’s W¥-column on the right,
H 5Wk%kT for k € N, gives the term through which the deviating player’s seed enters
the naive filters, the sum over N there. Each contraction leaves the other lag as the
displayed argument. The observation map B}?k(s) multiplies the column contraction
on the right in the gain equations below.

Figure 6.1 assembles the four equations as a block. The state X and the naive
coordinates W* (k' € N;) and W* (k € ;) index the rows and columns, and B, :=

By“(s).
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Rows. Matching the §; X, coefficient gives

— S HITT = G AN () THIT T I AN ()
’ ’ k! L k., . L .
+ > B ()T pl T T N W TR T R s), i =GR,
kIGJ\[J keN;

(6.5.28)
Here and below the terminal condition appears blockwise; all non-X X terminal blocks

are zero, matching the operator terminal IT%' GX*4(T)IT; of (6.5.16).

For each k € N, matching the coefficient of §;w*(r) gives

d ko, ko, koo, L .
_7HSXW ,j(—l(r):GXW ,J<—z(r)+A§(X(S)THSXW ’].(_Z(r)—"_Hs)(ij(_lAg(Wk(S,T’)

ds eff,s
_ Hj(Wk,jei%kTB;k(s)X(s’r) (6.5.29)
+ 30 B @ TN B Wiy X i) — o,
kI EN;
The X (s,7) term inherits its sign from the residual convention

~k ° k

5 XE = 6,X, — / X (s, )0k (r) dr. (6.5.30)

0

For each row k" € N, matching the 6; X, coefficient gives

d k! L k! L ./ L / 1’4 L
7d7H;/V X,j(—’L(u) _ GZfoSX,ﬂ—l(u) +A§(Wk (S7U)TH5(X,]<—1 7X(S,U)TB§’k/(S)T‘Bk H:V X,j«1i
s >

Wk X i XX Wk Wk jei kT Y.k Wk X, j i
+a I @ AXY )+ > I BT B s), Y T W) = 0.
kEN;

(6.5.31)

For each row k' € N and column k € N, matching the coefficient of §;w"(r) gives

d HWE Wi

k' vk o, s ! .
_di s (u,r) = GZ}; SW J(_Z(ua T) + AJXWk (sau)TH.s)(WkJ(_l(r)
S )

— X(s,u) T BYF (s)TBY HIVTWEICi () 4 HYT XIS ) AN (s, 7)

— HY WIS )BT B () X (s,r),  Hy VI ur) = 0.

(6.5.32)
Together these are the rectangular backward system. It is nonlinear because the response

kernels in (6.5.23) and the source blocks (6.5.19)—(6.5.22) depend algebraically on the
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same coeflicients.

6.5.5 The deviating player’s own response and its first-order

condition

By reflexivity, the deviating player is one of the privy players. Under the blip-of-
irrationality convention (Section 6.4.2), the deviating player’s post-blip continuation is its
equilibrium continuation law, so its response to its own seed is the diagonal response D,
The diagonal j = i solves a backward equation of the form H*# = -Gt — A*H™* —
H¥*"A,, a source plus the generator acting on each side. It is the rectangular Sylvester
equation (6.5.16) at j = 4, expanded into the blocks (6.5.28)—(6.5.32). It is special in two
ways. First, the deviating player’s continuation control moves with the seed, so its own re-
sponse is charged in the second variation rather than dropped. Second, the row and column

maps coincide. The source is ¢’s running-cost Hessian evaluated on its own response kernel,
T
IT 1T
i X ; X
14—t 7
off.s = G'(s) . (6.5.33)
Dz‘<—i Di<—z‘

Here IT% is the physical-state projection of (6.5.17). Contracting the j = i case of

(6.5.19)—(6.5.22) against the seed gives, on the X row,

Giis]” = GRYTax.+ 3 [ ER sl arn (6:5.34)
keN;

and, on each belief row,

o AWk o s o ,
(Girias]" (w) = Go XX, + Y / GU Wi st () dr. (6.5.35)
keN; 0

The deviating player’s first-order condition is the coefficient of an arbitrary Fj-
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measurable control spike. The condition is

0=E[GPP D]+ GPY' X, + (BX (1) H | F] (6.5.36)

or equivalently

Dj = —(GPP) E[GPY X, + (BY (1) HY | F]. (6.5.37)

Read as a response kernel rather than a level, this condition is the j =i case of (6.5.10).

Remark 6.10 (Symmetry of the own-response equation without a self-adjoint generator).

The diagonal equation has the form
HC = —Gist — ATH ' — H' A, (6.5.38)

The full generator A; is not self-adjoint, by the belief-belief asymmetry noted after
(6.5.6), so the row and column equations need not look term-by-term symmetric. What
is symmetric is the diagonal source and terminal condition, so the solution preserves the

adjoint symmetry
o L NT ok ro T
HXWk’Z‘_’(r) _ (HWkX’“_’(T)) ’ g th(—z(u’r) _ (Hwkwk iy, u)) , (6.5.39)

provided the usual uniqueness conditions hold.

6.6 Superposition under perfect monitoring

For a fixed origin i, the privy players in P; all see the same seed and solve one
self-consistency problem, coupled only through the shared forward state. The monitoring
relation orders who sees whose seeds. Each origin produces its own gain system of the

form (6.5.28)—(6.5.32); the systems take different values because the naive/privy split
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depends on the origin.
Write R{(s) for the per-unit privy response to an origin-i seed at time s, and R; for

the response to a configuration of seeds.

Proposition 6.11 (Superposition of monitored seeds). Under Assumption 6.4, the forward
system is affine in the seeds, so the response to several monitored seeds is the sum of the

single-seed responses,

R ( > vim(sm)) = SR () i (5) (6.6.1)

If player 7 blips, then the response is the same regardless of whether some other player
7 blipped sooner or not. Without superposition, verifying would mean thinking about an
infinite tree of deviations rather than treating them one at a time. The gains themselves
are solved in order rather than independently, since the source (6.5.19) for j # ¢ contains
D77 player j’s response to its own seed, so each j < i solve uses the j < j solve first.
The pairs j < i with j # i for one origin are coupled through A%, which contains every

Dqu’X, qec ,Pl

Remark 6.12 (The role of perfect observation). The linear theory relies on binary
monitoring. A player either observes a deviation seed perfectly, as a known zero-variance
input not jointly estimated with the fundamentals, or not at all, in which case it is folded
into the ordinary filter with the equilibrium filter fixed. Keep two relaxations apart. In
the first, a player observes the seed through an additive noisy channel. A noisy reading
of a point mass at zero carries no information, so this channel is informative only if the
seed carries a nondegenerate prior. Deviations then occur with positive probability on
the equilibrium path, and the object being solved is no longer a deviation calculus. In
the second, transitivity fails and a player sees a response whose origin it cannot resolve.
The response discrepancy is identically zero on the equilibrium path, so the observation

is a null event, and attribution conditional on it is a mixture over the origins the player
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cannot rule out. The mixture weights play the role that off-path beliefs play in sequential
equilibrium [68]. Given the weights the theory remains linear, but superposition fails,

since attribution couples the per-origin blocks into one system.

6.7 The two corners

For a fixed origin 4, solve (6.5.28)—(6.5.32) for each privy player j € P;. By Lemma 6.2
the columns N; are contained in the rows N/;.

The variations 8 HX7 and 8; H"W" 7 in (6.5.24)—(6.5.25) are the marginal values of the
seed to player j. The responder’s own first-order condition pins each response kernel
rather than assuming it. This is the consistency required of conjectured reactions in
oligopoly theory [22], and the selection that closed-loop differential games otherwise leave
open [16].

The two corners of the monitoring relation recover the two classical regimes.

Proposition 6.13 (Corner reductions). Maintain Assumption 6.4. (i) (All privy.) Fiz an
origin i with N; = &. Then the diagonal j =i of (6.5.28)-(6.5.32) retains only its X X
block, a Riccati equation in HXX"" with row and column coefficient AXX. If P, =T for
every origin a, so every naive set is empty, then every solve retains only its X X block
and its solution does not depend on the origin, HX7< = HXXJ for all i. Writing D3
for the common response kernel DI the pairs (HXX3, DX solve the coupled Riccati

system of the closed-loop Nash equilibrium of the perfect-information game [16, 26],

S = @9 (5) 4GP DY+ (DF) TGP ()
(DTGPPI DY 4 AN () THI 4 BTN (),
Hy X0 = GXXI(T), (6.7.1)
DY = —(GPP()) 6P (s) + (B () HIY],
AYX(s) = Bx(s) + > By (s)DI.
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No seed moves any player’s ordinary filter. (ii) (All naive.) Fix an origin i with P; = {i}.
Then only the diagonal 7 = i remains, and its rows and columns are both indexed by
N; =T\ {i}. The system (6.5.28)—(6.5.32) is the coefficient form of the i-variation of
the adjoint system of Theorem 1.8 of Chapter 1, written in the blip basis of Lemma 6.6,

and the exact verification identity of Corollary 1.11 transfers through the basis map.

Proof. (i) With N; = @ the diagonal has no rows or columns beyond X, so only (6.5.28)
remains, its source the j = i case of (6.5.19) and its row and column coefficient A:X¥.
With every naive set empty the W rows and columns are absent for every pair. The
candidate HXXJ7<% = XXJ matches the terminal condition for every pair. Substituting
it into (6.5.23) gives DI*4X = D?¥ independent of the origin, so AXX = AXX for every
origin label a in (6.5.8), and the source (6.5.19) becomes the first four terms of (6.7.1).
The right sides of (6.5.28) and (6.7.1) then coincide, so the candidate solves the corner
system, and it is the solution whenever the closed-loop Riccati system (6.7.1) has a unique
solution. That no seed moves any ordinary filter is (6.4.2) applied to every player.

(ii) With P; = {i} only the diagonal pair remains, with rows and columns both
indexed by the deviating player’s naive set. Expanding the i-variation of (1.4.7)-(1.4.8)
of Chapter 1 in the coefficients of (6; X, §;w"*) and comparing with (6.5.28)—(6.5.32), the
terms of (6.5.19) in D** and the closed-loop part of the row and column coefficient AX¥

differ from the frozen-continuation expansion by

GXDii pitiX | (Dz‘<—i,X>TGDX,i 4 (Diei,X)TGDD,iDzX—i,X

Y

+ HXX,i(—iBXDiei,X + (D“_i’X)T(BX)THXX’i‘_i _ _(Dzk—i,X)TGDD,iDzX—i,X

by the 7 = i case of (6.5.23) and its transpose, and blockwise the same for the W
rows and columns, so the two systems differ by the operator —(D**)*GPPD¥*". The
two conventions are the two continuations of Lemma 6.6, whose change of variable
Qp = (Id + K)*Q.(Id 4+ K) carries this term, and the lemma transfers the verification
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identity. O]

Remark 6.14 (Lyapunov and Riccati forms). The frozen continuation holds the deviating
player’s control fixed after the spike, so its backward equation is linear in H, a Lyapunov
equation. The blip continuation lets the deviating player re-optimize, and substituting
the gain (6.5.23) makes the equation quadratic in H, a Riccati equation. The term

— (DX TGPPADiciX ig the value of that re-optimization.

6.8 A strategic market maker: transparent and
opaque markets

In the Kyle-Back markets of Chapter 4 the market maker is not a player. It posts the
conditional expectation of the fundamental given order flow, and the only strategic
question is how the informed traders trade against that rule. Here the market maker
chooses its quote and cares about its inventory, and whether the trader can see its
deviations depends on whether order flow is published. Publishing the flow turns the
same market, with the same information on the equilibrium path, from a naive corner
into a privy one. The market maker observes the order flow, so its observation loads on
the trader’s control rather than on the state, which puts the market outside the baseline
(6.2.1) and inside Chapter 4. The origin sets and the blip convention are those of this

chapter; the trader’s response kernels come from Chapter 4’s adjoint system.

6.8.1 The market

One asset, one informed trader (player 1), one market maker (player 0), a finite horizon
T. The fundamental V; is a Brownian motion with variance rate ¥y, the market maker

posts a quote P, and both players’ payoffs depend on the two only through the mispricing

Mt = ‘/; — Pta (681)
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the gap between what the asset is worth and what it is quoted at. The trader observes
the signal flow

dY, = M, dt + dW} (6.8.2)

of Chapter 4 and submits an order rate D,; noise traders submit le/ *dW7; the market

maker sees the total order flow
dZ, = Dy dt + S dW/ (6.8.3)

and absorbs it into its inventory,

The trader is risk neutral with a quadratic trading cost and earns the mispricing on its
orders,

T
E / M,D, — eD?] dt, (6.8.5)
0

and the market maker pays it on the flow it absorbs and pays for inventory,

T
E/ [~ MDD, —~Q?]dt, >0 (6.8.6)
0

The mispricing is both the market maker’s control and something it does not know. It

sets M, through its quote, but only up to its own estimation error: with V2 = E[V; | F?],
My =M+ (Vi=V), MY =E[M,|F)=V"-P, (6.8.7)

and M) is its control; MY > 0 is a quote below the belief. The trader likewise acts on
its own estimate M} := E[M, | F}] = V;' — P,, which for the trader is a state of its filter.
(M, Q) is the state, of which only @Q; has dynamics of its own, (WY, WZ WY) are the
shocks, and V' and P appear only through M;. At v = 0 the first-order condition returns
M = 0, the competitive rule of Chapter 4; with v > 0 the market maker quotes off it,
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and v stays fixed across the two cases below.

Two markets. The market maker’s information is the order flow in both cases, F_ =
0(Zs,s <t), and it cannot see the trader’s order apart from the noise. Only the trader’s

information differs.

1. Transparent market. The trader sees the quote and the order flow,

Fl = o(Y,, Py, Zs,s < 1).
2. Opaque market. The trader sees the quote only, F}! = o(Y;, P,,s < ).

On the equilibrium path the two coincide. The quote is a function of the flow history,
and when that function is invertible the trader recovers the flow from the price. Off the
path they differ. In the transparent market the trader can compare the posted quote
with the equilibrium rule applied to the flow it sees. Any gap is the market maker’s,
so the trader is privy to its deviations, 1 > 0. In the opaque market a quote off the rule
looks like a quote on the rule after an unusual run of noise trades. The trader filters
the gap as noise, 1 I# 0. In both markets the trader’s order is hidden in the flow, 0 & 1.
For a trader origin, N7 = {0} in both markets: the trader keeps the information wedge
of Chapter 4 against the market maker’s filter. For a market-maker origin, Py = {0, 1}

and Ny = @ in the transparent market, while Ny = {1} in the opaque one.

What a quote deviation does. A quote below the rule draws extra buying now,
since the trader sees a larger mispricing. The extra buying lowers the market maker’s
inventory, and the inventory outlives the quote: once the market maker is back on its
rule, the quote keeps moving with the inventory and the trader keeps trading against it.
The market maker therefore weighs the margin it gives up on the flow it already expects
against the inventory the extra flow removes. The trader weighs the mispricing it earns
against the inventory its order leaves behind and, where the market maker cannot see

the order, against the beliefs it moves.
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The seed. A control spike z of width h is a quote z below the rule. It raises the
mispricing M by z during the blip, and the trader’s estimate M! with it in both markets.

All information about V reaches the market through the trader, so the quote carries

1+0,M

none and a quote seed moves no belief about the fundamental. With D, the trader’s
contemporaneous loading on the mispricing, the trader raises its order by Dtlgo’Mz,

which lowers the inventory drift by as much and over the blip displaces the inventory by
60Q = =Dy M 2, (6.8.8)

of order h and permanent. Every origin-0 system below has this displacement as its state

column.

The market maker’s cost. The market maker maximizes (6.8.6), so its running cost
is the inventory penalty plus the mispricing paid on the flow, yQ? + M;D;. The market
maker sees neither factor of the product, so it minimizes the expectation given Fp. That
is the product of the expectations plus a covariance, and the expectation of the mispricing

is its control,
E[YQ} + M D | Ff| =~Q} + MPE[D; | F{] + Cov(M,, D, | Ff). (6.8.9)

The covariance is the adverse-selection cost, what the trader earns from knowing more.
Since the quote is known to the market maker it equals Cov(V;, Dy | F?), an equilibrium
object that the quote does not move. With the trader’s loadings substituted, the market
maker’s estimate of the order is E[D, | F?] = D} "M M09 + D} %9(Q,. The running cost
is then a quadratic form in the market maker’s own mispricing and its inventory, the

block form of (6.2.4),

2
@ = Dy M(MP) + Dy OMPQ, +4QF + Cov(My, Dy | ), (6.8.10)
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so GMMO — 2Dtl<_0’M, GM@O — DtIH)’Q, GQ@0 = 2. The trader’s reaction supplies
the curvature of the market maker’s cost in its own control. The trader’s running
cost is —M;D; + eD?, so GPPl = 2¢. Writing the mispricing through the quote rule,
M, = (V, — \A/to) — PRQ,, separates the part the trader knows better from the part the
inventory has already moved. It gives the two cross blocks GVP'! = —1 and G@P'! = PtQ,

with P? := 9P, /0Q; the quote’s inventory loading found below.

6.8.2 The transparent market

A quote deviation: the trader’s response. The trader is privy, so its estimates do

not move and it responds through the two coordinates the seed moves,
oDy = DY M G0 M + DI 6,Q. (6.8.11)

The first loading is the trader’s on-path loading on its own mispricing; a quote shift is,
for the trader, a movement of M like any other. The second is its loading on the market

maker’s inventory with the quote held fixed,

i [HQQ71<—O _ (HWOQJ(—O%OT) 221/2] ’ (6812)

1+0,Q _
DS&Q_QE

where HO@ 0 is the value to the trader of a unit of market-maker inven-
tory and HW'@<0(y) is that unit’s effect on the price the trader puts on the
market maker’s beliefs.  The contraction against the market maker’s filter is
NBT .= N(s)E?T + [ N(r)C(r)Tdr, as in Chapter 4. A departure from this loading
is ordinary flow to the market maker. Adding the trader’s reaction to the quote’s own

response to inventory gives the closed-loop drift of an inventory displacement,

ag(s) = —D%Q 4 DI=O0MpQ, (6.8.13)
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negative when the displacement unwinds; —ag is the order’s total loading on inventory.
When the market maker’s inventory aversion outweighs the trader’s loading, P% < 0,

and a long market maker quotes below its belief. The two gains solve

4
ds

—O,HY M) = —aq(s) Sy EY - (HY 1080 ) 552 Dy (u) +ag(s) HY 0 (u),

HOQ10— g (s) (HSQQ,R—O_pSQ)’ (6.8.14)

(6.8.15)

with zero terminal conditions. A unit of inventory is worth, to the trader, the orders
it will draw times the quote’s inventory loading net of the inventory gain, accumulated
along the unwinding. It moves the price the trader puts on the market maker’s beliefs
by the same orders times the quote’s lift per unit of belief, E%// 2EV, which the market
maker then filters away. On the path no belief moves, but the loading the market maker

faces depends on how it would misfilter a departure from it.

A quote deviation: the forward system. With NV, = @& there are no naive noise-
states, so the filter equations (6.5.6)—(6.5.7) are absent and the displaced state of Sec-
tion 6.5 is the inventory alone. The seed is the state impulse (6.5.1) through the market

maker’s control-to-state map,
(SoMt =z, 60@15 = O, (6816)

a quote z below the rule and an inventory not yet moved. After the blip the market
maker’s control returns to its rule, so the only mispricing left is the quote’s response to

the displaced inventory, and the trader answers through both kernels,

So My = —P2 6,Qs,
(6.8.17)
00D, = DL=M oM, + DI 5,Q, = (DI"? — DI="MP2) 6,Q..
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Substituting into (6.5.3) closes the system on the inventory,

d
L 50@. = (= DE09 4 DIV P2) 4,
’ s (6.8.18)
00Qs = _D3<—O,M zh exp(/ (_ D:<—O,Q + Di<—07MPTQ) dT>,

t

so the seed’s whole forward trace is one exponential at the closed-loop drift, and it decays

exactly when that drift is negative.

A quote deviation: what the market maker does after its blip. The market
maker’s own continuation is the diagonal 7 = ¢ = 0 on the inventory coordinate, with the
blocks of (6.8.10) and its own response kernel D%%@ = — P% substituted,
2

and the row and column maps coincide on the diagonal (Section 6.5.5), both being the
closed-loop drift (6.8.13). The covariance in (6.8.10) is dropped, since the quote does
not move it. Here H9?? is the marginal value of inventory per unit of inventory. The
quote’s inventory loading is the trader’s direct loading on inventory less the inventory

price, divided by the curvature of profit in the quote,

Mto = _PtQQta PtQ 2D1<—0,M
t

) S0 Pt:‘zo—i_PtQQta

(6.8.20)
Read backward from T', where inventory has no value, H9?% accumulates three things:
the cost of holding inventory net of what the trader’s loading on it earns, the drift of

inventory at that loading, and the saving from quoting against it,

(Droe)

1<0,M
2D

10,M
_ prevegeeo _ DT (HQQ@)? 77990 _ g
s s s ) T -

_iHSQQO:Q,Y_ 5

ds
(6.8.21)
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the closed-loop Riccati equation of corner (i) on the inventory coordinate. The inventory

price in the first-order condition is H2? = H2?0

(¢, a public quantity. There is no belief
row and no belief column, since no seed of the market maker’s moves any filter and its
own filter is public. Aty = 0 the pair D'<%Q = 0, H¥?Y = 0 solves (6.8.20)—(6.8.21)
and gives P = V0. The trader loads on inventory only because the market maker quotes
against it, and the market maker quotes against inventory only because the trader loads

on it, so the competitive rule is a fixed point of that loop. Whether the loop has a

second, self-fulfilling fixed point at v = 0 is not settled here.

An order deviation: the trader’s own condition. Only the market maker is naive to
a trader seed, N7 = {0}, so it indexes both the rows and the columns. The diagonal j =i =
1 is the coefficient form of Chapter 4’s adjoint system, corner (ii), with the inventory added.
Two entries are new. Because the market maker quotes against its inventory, the trader’s
cost acquires the cross term D, P?Q,, the derivative of —M,D, in Q, through the quote.
Q; is FP-measurable, so the market maker’s filter has no @) coordinate and its observation
loads on the trader’s order rather than on (). The ) row of the trader’s state price
therefore has no filter coupling and involves only H?! and the on-path order D,. With a
single trader there is no other trader whose reaction to the inventory the deviating player
faces, so the row has no drift term. The market maker’s quoting against inventory sits in
the trader’s cost, through M, not in the drift of (). The trader’s inventory price is its own

future orders, each weighted by how much the quote it will face moves per unit of inventory,

d T
—HP' = PAD,  HP'=0, so  HP'= / PAD, ds. (6.8.22)
S t

Against the competitive market maker P9 = 0 and the row vanishes.

First-order conditions. The market maker’s condition is corner (i), with B¢ replaced

by the closed-loop map —D'%M since the quote moves the inventory only through the
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trader’s order. Quoting a unit further below the belief does three things. It gives up
a unit of margin on the flow already expected, E[D; | F0]. It attracts new flow D; <%
on which the current margin M} is lost. And it lowers the inventory by that new flow,

which is worth the inventory price. At the optimum the three cancel,
0=E[D, | F)] + DT "M M? — D<M gRO0Q,. (6.8.23)

There is no wedge. With E[D; | F}] written out this is (6.8.20): a long market maker quotes
below its belief to attract the buying that unwinds the position. The trader’s is the deviat-
ing player’s condition with the market maker as its naive set, corner (ii), Theorem 4.10 of
Chapter 4 on the enlarged state. Besides earning the mispricing, an order moves the market
maker’s inventory, priced by the inventory row, and its beliefs, priced by the belief prices as

in Chapter 4. The trader sets its estimated mispricing equal to the expected cost of the two,
t
M! = 2D} + E[ _ g4 / HY L) Ot ) dr + HY () 40(8) ‘}“}} (6.8.24)

The belief terms are those of (4.5.9) with the adjoints now propagating through the quote
rule (6.8.20). Differentiating (6.8.24) in M} with the inventory and belief terms held fixed,
since a privy trader’s filter does not move and the inventory has not yet, gives the con-

temporaneous loading D; COM /(2¢). In the transparent market only the trader filters.

6.8.3 The opaque market

What changes. The trader now sees the quote but not the flow, so it cannot separate
a quote off the rule from a quote on the rule after unusual noise. That holds for a quote
shaded smoothly, which is absolutely continuous against the diffusing rule quote. A blip
is a jump and would be seen; it enters only as the basis from which the response to a
smooth shading is assembled by linearity. For an origin-0 seed the naive set is Ny = {1}.

The displaced state acquires a second column beside the inventory displacement, the
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displacement of the trader’s estimates of every past shock,
(50@Qs, {00wi(u) : 0 <u < s}), (6.8.25)

which evolves by (6.5.3)—(6.5.7) with one difference in where the seed enters. The quote
is an observation of the trader’s. Knowing its own order, the trader reads the noise
flow exactly from the quote’s martingale part (A; — PtQ)Elz/ QthZ , with A the market
maker’s loading on order flow, whenever A; # PtQ, so a quote seed enters the trader’s
filter through that channel rather than through a state displacement. Because P is
observed directly, its movement in the signal drift M; =V, — P, cancels from the trader’s
innovation, as in Chapter 4. The trader reads a shading 0 P as the noise flow that would
have produced it, dow?(u) = 6P,/ ((Au — P9 )le/ 2), a density born on the window, which
the birth term (6.5.7) carries. Its perceived inventory and its perceived market-maker
belief then move by the on-path maps, —Elz/ 2 [ dow? and AZIZ/ 2 [ dow?, while the actual
inventory has not moved: the trader expects an unwinding that is not coming. The
trader no longer responds through the response kernel; it applies its policy kernel to the

displaced estimates, its estimate of the inventory among them,
50Dy = / DY (w) dow (u) du, (6.8.26)
0

and the market maker’s own gain system acquires the rows dual to the new column,
HYV'@O(y) and HV'W'O(u,r), computed below on the lag window. Paired with the
seed’s belief displacement they give the market maker a wedge of the kind the trader

has against it, the value of the belief displacement a shading leaves in the trader’s filter,

t 1 L
V= [ HY ) gt ) dut HYO(0) wi), (6.8.27)
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quote’s inventory loading PY —0.33

trader’s quote-fixed inventory loading D<%Q 070
inventory’s closed-loop drift ag —0.12
belief correction to the inventory loading & +0.21
loading on order flow A 1.057
net price impact A — P% 1.38

Table 6.2: The stationary transparent market at v = 0.1 (p = 0.5, ¢ = 0.2, unit signal
gain and noise, L = 8, 60 cells). At v = 0 the loadings on inventory vanish and A = 1.053.

and the market maker’s first-order condition is the transparent one (6.8.23) with the

inventory price projected onto the market maker’s information and the wedge subtracted,
0=E[D, | F]+ D{ "M MP — DI M E[HP | F] - BV | 7). (6.8.28)

The inventory price is projected now, since the market maker’s belief is no longer public.
In the last term the market maker shades its quote to make the trader believe noise traders
have been active, and is paid for it through the trader’s later orders. The trader’s condition
(6.8.24) keeps its form, its origin sets being unchanged, but every kernel in it is different, be-

cause the market maker it faces now sets its quote with the wedge in its first-order condition.

6.8.4 Computation and comparison

The transparent market, computed. The stationary form of the transparent market
is solved on the lag window of Chapter 4, with the trader’s problem exactly as there and
the market maker’s quote loading P% fixed by the origin-0 system above in its stationary
form. At discount rate p the inventory gain is H9@ 0 = q5P?/(ag — p), the market
maker’s Riccati equation is algebraic, and the belief row is a linear equation in age with
one nonlocal scalar kK = (HWOQJ%O%OT)Z;/Q, the correction to the trader’s inventory
loading from how the market maker would filter a departure from it; P is then a root
of a scalar equation, found by tracking the root in v upward from the competitive rule.
The average-cost limit is degenerate: at p = 0 the trader’s inventory value equals P?,

its inventory loading responds to P9 with the same slope as the market maker’s rule, and
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the rule cannot pin P?. At p = 0.5, € = 0.2, unit signal gain and unit noise, a quarter
of the impact a trader faces at v = 0.1 is inventory, not information: the market maker’s
loading on order flow barely moves, from 1.053 to 1.057, while the net price impact of
an order, A — P%, rises from 1.05 to 1.38. Table 6.2 collects the equilibrium at v = 0.1;
over the range computed the quote loading is linear in the inventory weight, P? ~ —3.3v
for v < 0.15 (Figure 6.2). At v = 0 the computation returns the competitive kernels of
Chapter 4 to 3 x 10~!!, and refining the grid from 60 to 120 cells moves P¥ by 0.2 percent.
The gain equations admit a second self-consistent gain at P9 = 0, with ag ~ —2.3 and the
trader unwinding inventory it has no reason to touch; the exact best response rules it out,
so the competitive rule is the only fixed point of the loop on this branch. Above v ~ 0.2
the trader’s second-order form goes indefinite on this grid at e = 0.2, the same boundary

as in Chapter 4, and a larger trading cost is needed to certify larger inventory weights.

The opaque market, computed. On the lag window the market maker’s problem
after its blip, with the trader reading the shading as noise flow, is an ordinary
linear-quadratic problem. Its state is the inventory and its own shading history, since the
trader’s displaced estimates are a function of the shadings; its control is today’s shading;
and the trader’s response to a shading path is its on-path kernel applied to the noise flow
it infers by inverting the quote rule, with the signal drift shifted to match. A stationary
Riccati equation in n 4 1 unknowns gives the quote’s inventory loading, and H"'@° and
HW'WR0 are its inventory—history and history—history blocks. With the trader’s privy
response —1/(2¢) in place of the inference, the same equation returns the transparent
loading to 0.4 percent at 120 cells. At v = 0.1 the opaque loading is P? = —0.19 against
—0.33: the market maker loads its quote on inventory forty percent less when the trader
cannot see the flow, and the ratio is 0.6 over the whole range, P¢ ~ —1.9v (Figure 6.2).

The reason is the trader’s response to a shading. Read as noise flow, a quote one unit

off the rule draws 0.58 of the order it draws when seen for what it is, and afterwards
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Figure 6.2: The stationary transparent and opaque markets against the inventory weight
v (p = 0.5, € = 0.2, unit signal gain and noise, L = 8, 60 cells). Left: the quote’s inventory
loading P?. Center: the trader’s quote-fixed inventory loading and the inventory’s closed-

loop drift. Right: the market maker’s loading on order flow and the net price impact
A — P9,

the trader trades the other way, +0.22 in total over the window, toward the unwinding
it expects and that is not coming. Shading is a weaker tool for managing inventory in the
opaque market, so the market maker uses less of it: the trader’s inventory loading is —0.40
against —0.70, the inventory unwinds at —0.076 against —0.12, and the net price impact is
1.25 against 1.38. The market maker also loads its optimal quote on its own past shadings,
—0.04 on the most recent and decaying, a loading that never fires on the equilibrium path.

The solvers and figures of this section are the work of Claude Fable 5, a large language
model built by Anthropic [7], working under the author’s direction. Interactive versions

of the dissertation’s computations are collected at sbabichenko.com /noisestate.

What the pair identifies. Any difference between the two equilibria is the price of
monitoring. Publishing order flow switches the market maker’s wedge off, but it does
not discipline the market maker: it loads its quote more on inventory in the transparent
market, because a trader who can see the flow can be steered. Most of the gain from being
monitored is real inventory efficiency, and the trader’s orders carry the same amount of
the fundamental into the price in both markets.

Table 6.3 gives the accounts at v = 0.1. The noise traders buy at quotes their own
flow has pushed up and sell at quotes it has pushed down. The information concession

is identical in the two markets, and the inventory concession carries the whole difference.
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transparent opaque

trader’s price profits 1.07 1.01
noise traders’ loss 1.25 1.13

information concession 0.96 0.95

inventory concession 0.30 0.17
market maker’s total loss 0.28 0.63
E[Q? = Yz/(2]agl) 4.7 7.5
expected unwinding rate ag —0.106 —0.067

Table 6.3: The two markets at v = 0.1, at the parameters of Table 6.2. Price profits are
gross of a trading cost of 0.13 in both markets. The information concession is paid through
the loading on order flow and the inventory concession through the quote’s inventory
loading. The market maker’s loss is flow plus inventory penalty.

Transparency transfers 0.13 from the noise traders, split evenly between the two strategic
players, and separately saves the market maker 0.28 of real inventory cost, since a trader
who can see the flow unwinds the inventory for it.

Which relation holds is an institutional assumption; it does not follow from quotes
being actions. A specialist who posts a schedule is monitored; a market maker who prices
after seeing the flow is not, and the opaque case is the natural one for the batch auction of
Kyle [71]. Existence is known only at the corners; both equilibria above pass the trader’s
second-order check of Chapter 4 at each computed ~, the opaque one is the fixed point of
the market maker’s Riccati equation, and both rents vanish continuously as v — 0. The
nearest benchmarks are the monopolist specialist of Glosten [43] for the transparent mar-
ket, the transparency comparisons of Madhavan [80] and Pagano and Roell [93], and the
manipulation of Allen and Gale [3], with the roles reversed, for the opaque one. The com-
parison is an old policy fight: the London Stock Exchange moved block-trade publication
from immediate to next-day and then to a ninety-minute delay between 1987 and 1992,

dealers arguing that delayed publication protected the unwinding of their inventory [42].

6.9 Conclusion

Allowing some players to monitor a deviation’s origin extends the Chapter 1 deviation

calculus to an augmented forward system with two channels. In naive filtering, a naive
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player misattributes the deviation to primitive shocks and contributes an information
wedge. In privy response, a privy player observes the deviation as a labeled zero-variance
coordinate and responds through a new kernel. Under perfect transitive monitoring
(Assumption 6.4) the seed responses are linear and superposable (Proposition 6.11), and
the seed-dependent forward-backward system reduces to a single backward gain sweep that
serves all seed times. Section 6.8 works out what monitoring means in a Kyle-Back market.

One direct extension combines this chapter with the delayed public signals of Chapter 2.
Suppose an i-origin deviation at time s is initially hidden in an aggregate signal but is
identified by a reporting rule at time s+ A. Before the report, player j is naive to the devi-
ating player, so the seed moves j’s ordinary noise-state estimate and is priced through the
information wedge. At the report, the new information does more than add another mea-
surement row. It attributes an already propagated seed to player 7. In the resulting “naive
until disclosure, privy afterward” system, origin attribution makes the same delayed tran-
sition from hidden influence to disclosure that Chapter 2 derives for signal manipulation.

Two other combinations concern the scale of the calculation. First, translating
the rectangular gain into the stationary lag coordinates of Chapter 3 is the bridge
to the strategic-market-maker extension; Section 6.8 does the scalar case. Second,
if the dynamics, costs, and transitive monitoring preorder on a finite network are
invariant under the graph automorphisms of Chapter 5, the responder—origin gains
should inherit an orbit reduction. The stationary rectangular system and the equivariant
monitored-response reduction remain open.

The blip convention also makes the chapter a step toward modeling irrationality. A
blip is an accidental deviation of variance zero. It is priced, but it occurs with probability
zero, so equilibrium behavior never anticipates it. Treating irrationality formally would
mean giving blips a variance, which raises the questions of what law the blips follow,
whether the naive and privy channels survive when attribution is probabilistic, and how

the equilibrium deforms as the blip variance grows from zero.
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Chapter 7

Conclusion: The Information Wedge

Across Environments

Every equilibrium in this dissertation is a set of kernels against the same primitive
shocks. Under perfect information the kernels are the ordinary impulse responses. The
chapters changed what players could see, and the coordinates never moved.

The games have two feedback channels: the physical one, and the one that runs
through what other players learn.

The noise-state representation keeps the second channel by writing private information
as conditional estimates of the primitive shocks while retaining endogenous signals,
private histories, and individual impact. In the LQG case every object of the calculus
is a deterministic kernel, and the information wedge, a term in the state-price equation,
prices the effect of changing another player’s posterior.

The chapters vary what players see of the shocks. Monitoring varies what they know
about a deviation’s origin. A movement a player observes may be filtered as noise or
recognized as another player’s deviation. Chapter 6 prices both ways of responding, and
the classical closed-loop game returns at the corner where every player sees the shocks

and every player is privy.
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The wedge and the accompanying equilibrium results come from the finite-horizon
benchmark: Theorem 1.8 derives the belief-price representation, Corollary 1.11 gives
closure over the full admissible class, and Proposition 1.12 solves unilateral best responses
globally. Short-horizon equilibrium follows in Theorem A.7. The two-player benchmark
separates statistical benefits from strategic costs and makes allocating signal precision
a policy instrument.

The same object appears outside the baseline game. In identical-interest games the
wedge prices the effect of shifting teammates’ posteriors and so their future controls (Sec-
tion 1.4.1). Delayed public signals add to it a birth term and a jump in the belief price at the
date the news arrives, and the stationary equations carry the same terms in lag coordinates.
In Kyle-Back trading the wedge becomes a belief price on the market maker’s and the other
traders’ filters, since order flow changes current prices and the future filtering environment
(Theorems 4.6 and 4.10). On finite symmetric local markets, the graph symmetry reduces
policy and filter kernels to equivalent-position coordinates (Proposition 5.7). Asymmetric
monitoring splits the feedback into a naive channel, in which the naive player filters the
deviation as noise (this is the wedge), and a privy channel, in which the privy player

responds to the deviation directly, knowing who made it (Definition 6.7, Proposition 6.9).

7.1 Directions beyond the dissertation

7.1.1 Closure

A noise-state linear fixed point is already a Nash equilibrium against arbitrary admissible
deviations, but whether every equilibrium takes this form is open. Proving it means
allowing strategies with random martingale-representation coefficients, writing the
induced nonlinear filters through the Kushner-Stratonovich equations, and showing
that equilibrium forces those coefficients to collapse to deterministic kernels. The
continuous-time martingale representation theorem gives a handle that is absent in
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the discrete setting where Witsenhausen’s counterexample [116] applies; a Lyapunov

argument in the variance of the representation coefficients is the natural route.

7.1.2 Computation and estimation

One route to computing the kernels adapts high-dimensional PDE methods, in the spirit
of Han’s work [50], to the kernel HJB or the forward-backward kernel system. A different
route approximates the noise-state itself. The filtering equations reweight old sources
through kernels and project them into a current decision, the operation a linear attention
layer performs. Linear transformers are a natural approximating class, with the noise-
state as the target filter the trained network should recover. On the stationary system of
Chapter 3, however, networks trained on the continuum residuals converged to spurious
kernels while reporting small residuals (Figure 3.6).

On the dynamic-programming side, lifting the lag dynamics of Section A.2.3 to a
fixed Hilbert space and taking a quadratic ansatz should recover the belief prices as
off-diagonal Riccati blocks, and would likely give the CARA extension of the appendices
a cleaner positivity condition than its operator inversions.

For empirical work the problem becomes estimation. Once the kernels are known
the observed signal law has a Gaussian likelihood. But the kernels are endogenous
equilibrium objects, so the estimator must either fit parameters while solving the kernel
fixed point or learn a fast surrogate for that fixed point.

There is an easier road than fitting kernels. Across the chapters the strategic effects
live in the means: the pooling gains of Chapter 1 are mostly mean-path, in Chapter 5
firms hold back their orders by several times the filtering gap while responses to aggregate
shocks barely move, and the quote’s inventory loading of Chapter 6 is a level. The
near-invariance of the responses to aggregate shocks is camouflage: an econometrician
who fit those responses would match them and miss a level distortion, one that moves

whenever policy changes who sees whose actions. The natural design is levels against
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observability changes, post-trade transparency [20, 45], platform visibility, disclosure

mandates, rather than kernel comparisons.

7.1.3 Sources

The most immediate extension is endogenous information acquisition. Signal technologies
are treated as fixed throughout, and Appendix A.1 takes a first step by isolating the
obstruction. One clean version uses a Brownian sheet of independent measurement
channels, with each player selecting a portion of the sheet. Acquiring a source then
changes the equilibrium policy kernels, and so changes what other players expect the
holder to do with what it learns.

Compound Poisson signal sources are a larger step than a change of noise distribution.
Throughout the dissertation each player knows the precision of their channels, so a
source’s informativeness is fixed and the randomness lies in its realizations. A Poisson
source with an uncertain arrival rate breaks this. Individual jumps may carry messages of
known quality, but if the rate is unknown the value of the source as a whole is unknown.
Signal quality itself becomes an inferred state, which is closer to how news, expert reports,
and disclosures actually work. The filter is then generally infinite-dimensional, but that
is not obviously the binding constraint; the question is whether the filter over primitive

sources stays stable and remains easier to approximate than the hierarchy it replaces.

7.1.4 Networks

The most immediate extension of the graph chapter is the large-cycle limit of Con-
jecture 5.2. Replicated markets can also be linked endogenously, with a mean-field
consistency condition on the distribution of market-level outcomes and possibly a few
major markets of finite aggregate impact. Heterogeneous local environments would be
aggregated over market types. In every case the aggregated object is a solved finite

strategic environment, which distinguishes the construction from a graphon limit where
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local informational impact has already vanished.

7.1.5 Markets

Chapter 6 makes the market maker strategic and computes the stationary market both
ways, transparent and opaque. Existence remains open there, away from the corner cases
and away from the p — 0 degeneracy in which the market maker’s first-order condition
cannot pin down how much the quote loads on inventory.

The delayed-public and monitored-deviation chapters suggest a separate extension
in which attribution arrives after the action, with a trader’s order initially hidden in
aggregate flow and a reporting rule naming it later. How players should respond on the
day the order is named remains open.

In Rebonato’s parable [99], two identical volatility traders facing the same mispriced
quote behave differently depending on whether the risk function marks their book to
their own model or to the market consensus. In the Kyle-Back setting the consensus
is the market maker’s price. A quote recognized as the market maker’s action is one the
trader responds to directly, the way a privy player responds to an observed deviation in
Chapter 6, while the trader’s private valuation remains a projection of primitive shocks
through its noise-state. The gap between the trader’s valuation and the consensus mark
is the performance measure in a principal-agent contract between the trader as agent and
risk management as principal, with Sannikov-type continuation values encoding it [103].
The belief prices of Chapter 4 separately price order flow that moves the consensus.
The contract, risk penalty, and strategic channel then jointly blunt how hard the trader

trades on its private information.

7.1.6 Noise traders with momentum

The strategic market maker above has a balance sheet it cares about, and Chapter 6

lets its quote be tested against deviations because every trader knows the quote is the
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market maker’s action. On its own this adds an inventory charge to the price. With
Brownian noise that charge depends only on the inventory already held, since the noise
adds variance but does not move the market maker’s forecast of future flow.

Noise traders with momentum do not need a strategic market maker. In Kyle-Back
the informed traders already trade with long memory, since staying under the radar means
trading slowly, and it is the noise flow that is Brownian. Retail herding has momentum.
Fractional Brownian motion with H > 1/2 is the natural way to write this [81].

With both, the net order flow is a state the market maker manages, so a run of
trend-chasing buying is a forecastable inventory problem rather than noise to be absorbed.
The future of the noise now matters on its own, and everyone holds beliefs about it where
Brownian noise gave them nothing to forecast. I expect the market maker’s conditional
expectation of value and the price it posts to come apart, with the price reflecting
inventory management against the flow the market maker expects.

A trader who can forecast the coming run, and the charge the market maker will add
against it, buys ahead and sells into that charge. They buy to sell later. De Long et al.
[34] have rational speculators front-running trend-chasing traders; here the trend-chasers’
persistence is a primitive. An order now moves the market maker’s forecast of flow as
well as its estimate of value, so the trader manipulates through a second channel, and
the wedge prices both. The round trip pays only if the market maker’s charge overshoots.
The market maker forecasts the selling to come and prices it in, the traders buying ahead
forecast the market maker, and how much of the rise survives would be a fixed point
in the same kernels. The theorem to aim for is the market maker’s inventory cost against
competition among the traders buying ahead.

As markets shift toward passive and flow-driven trading, the part of order flow that is
not about fundamentals grows [41] and the market maker’s inventory problem becomes a
larger part of the price. The model at the end has a strategic market maker who manages

inventory, noise traders with momentum, and informed traders whose signals keep arriving.
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Afterword

My background was originally in cognitive neuroscience. It started from looking at optical
illusions. Weird patterns shown to our eyes, our brain playing tricks on us. As the theory
goes, optical illusions serve a purpose. Our brain is not powerful enough to process the
world in its entirety, and so resorts to certain practicalities. It decides to tell us just
enough to act on, guided and stabilized by billions of years of natural selection towards
choosing the proper realities. Natural selection is a statistical tool present wherever there
is continuous heredity. Our laws [54], economies [107], languages [32], traditions [85],
and even our sense of fairness [17] are guided and stabilized by the principle of natural
selection. After many years of guidance, these aspects of our world have stabilized enough
to be predictable through the lens of optimality. But our world is far from stationary.
Whether we look backwards ten, a hundred, or a thousand years, much of our past looks
foreign. We still have not reached the end, if there will ever be one. To what extent are
our optical illusions optimal responses, and to what extent are they relics of a less than
optimal past? And how much of our sense of fairness?

To understand our irrationality, we must first understand optimality. Ariely!, Loewen-
stein, and Prelec [9], following Kahneman and Tversky [110], ran an experiment that
stuck with me. Test subjects bid on an object after seeing the last two digits of their
social security number. Those with a higher number bid higher. In a world where our

mind must process many things at once, it cannot afford the luxury of properly classifying

!Better known for other work [74].
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every source of information. In a decentralized world where our sense of value is not fully
grounded, we look to what others do for guidance. What is optimal? What is a relic?

In my teens, I was enraptured by Leonard Read’s "I, Pencil" and Hayek’s "The Use of
Knowledge in Society". Could economics, a field that studies optimality in decentralized
societies, arm me with the frame to answer my two simple questions? After reading
further, I kept finding papers that came close in description, but kept falling short of
what I wanted. Each introduction would have beautiful prose stating, clearly, that the
author shares much of the motivation that I do. And yet whenever I looked deeper, I kept
encountering a barrier that stopped the rest of the text from matching the introductions’
promises. Economists, to me, did not have what they needed to properly write down
optimality. Mathematics, the tool that let Isaac Newton write down the motion of celestial
bodies, my joy I had not yet found a use for, became my answer.

The unknown beyond what we can see. If we do not know it, or simply cannot
understand it, can we tell it apart from randomness? The proper mathematics describes
optimality in a random world, a society more complex than we can understand.

More than a decade later, this dissertation’s only goal is to arm those who care with
better tools to understand this world, and help me start again where I left off and answer

my two simple questions.
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Appendix A

Additional Finite-Horizon Extensions

A.1 Endogenous signal precision

This appendix identifies the obstruction to optimizing precision in the multi-player setting.

A.1.1 Why choosing precision is hard

In single-agent LQG, the separation principle makes precision easy to optimize: the policy
gain S(t) does not depend on signal precision, so the value of information can be computed
independently of the control problem. With multiple agents and endogenous signals,
separation fails (Remark 1.13), because the policy kernel Di(u) depends on precision
through the information wedge, the shadow price of moving another player’s noise-state.

The filtrations generated by BY' X dt+dW* and (Byx'+06BY")X dt+dW' are generically
incomparable: neither contains the other. This breaks the envelope argument that makes
single-agent rational inattention tractable, because the player at P*+JP? cannot implement
the control they would have chosen at P°.

There is also a more basic problem with calling 6B§’i a change in precision. The dW*
in the reduced observation equation need not be the error from one literal measurement.

It can already be the noise left after several measurements have been collapsed to a
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sufficient statistic. For example, if

AY™ = b, X dt +dV™,  meS,

with independent unit-variance measurement noises, then the informative part of these

measurements can be written

AVS = \[PsXdt+dVS,  Ps=3 12,  dVS= L S by AV,

mes VPs ek

Adding another measurement increases Pg, but it also changes dVS. At the level of

the actual measurements, more precision therefore does not usually mean increasing the

gain while holding the same measurement noise fixed. The latter is a perfectly good

perturbation of the reduced-form filtering problem, including for the calculations below,
but it needs some care before it is interpreted as acquiring more information.

Correlation makes this more important rather than less. If the measurement errors
have covariance R, the corresponding precision is b R~'b and the sufficient statistic
weights the measurements by R~'b. Adding a source can then change the weights on
measurements the player already had, and correlations with other information the player
observes have to be carried along as well. None of this makes the filtering mathematics
difficult; it means that an economically meaningful deviation in precision should come
from a specified change in the underlying measurements, with the new reduced-form gain
and noise derived from that change.

The incomparability disappears when an independent source adds precision (the
Brownian-sheet formulation sketched in Section 7.1.3). Monitoring an additional channel
strictly enlarges the filtration, and the marginal value of the source is the value of optimally
exploiting its independent increment. The full rational-inattention game in which players
choose source portfolios requires this formulation and is left to later work. Whether

opponents are privy or naive to the precision change, in the sense of Chapter 6, depends
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on whether they see it. If they do not see it, they filter its effects as primitive shock. This
is coherent: the change reaches them through the deviating player’s control, so it moves
the drift of their observations and not the volatility, and treating a deviation as primitive
shock breaks down only when the deviation changes the volatility. The channels described
in Section A.1.2 are what a naive opponent filters as noise. If they see it, through a data
purchase or disclosed research, they are privy and respond through the gains of Chapter 6.
In the naive case the best response to deterministic precisions is deterministic, because
fixed gains make the conditional variances deterministic, so the precision game can be
solved over deterministic gain paths. Unfortunately my intuition does not stretch far
enough for players with both privy and naive opponents, although when all opponents

are privy it should still apply.

A.1.2 Two channels from a precision perturbation

Despite the incomparability, one can compute the first-order effect of a gain perturbation
on equilibrium objects by linearizing the forward—backward system.

Fix an equilibrium profile and spike-perturb player ¢’s gain at time t5. By the
envelope theorem, D! has no first-order cost effect, because the FOC is satisfied. But the
primitive-shock control D}y, () = DL(r)II' + [q Di(u) F}(u,r) du responds at first order
through dF*, changing which part of the fixed policy kernel the player’s own information
resolves.

The variation of the unresolved adjoint decomposes as

— t ) ) T ) —
SHX(s) = — / HY () 6F (u, s)du + [ ®1Pi(t,7) 6Dy, (r,s)dr,  (A.1.1)
s to ’
(a) filtering channel (b) equilibrium channel
where ®7P is the deterministic kernel through which a control variation at time 7 enters

the time-t adjoint, and 573;‘, is the unresolved component of the control variation induced
by dF".
215



Through channel (a) the player resolves more of the fixed adjoint from the perturbed
signal, the standard value-of-information effect present in single-agent problems. Chan-
nel (b) arises because the same 6 F'"* changes the projection, leaving part of Dﬁw unresolved
by the player’s current information. The equilibrium channel operates through the infor-
mation wedge and vanishes when V} = 0 (exogenous signals, Corollary 1.9). Multi-player
rational inattention couples the filtering and control problems that separate in single-agent
settings: the marginal value of precision depends on the equilibrium through the wedge.

Optimizing attention requires solving for the equilibrium first.

Local profile-space notation. In the remainder of this appendix, bold symbols denote
stacked policy profiles, and calligraphic and sans-serif symbols denote maps on the
profile space. These are local functional-analytic abbreviations and do not carry into the

substantive chapters.

A.2 Well-posedness of the deterministic impulse-
response fixed point

This appendix records the a priori bounds that follow from the projection structure of
the filtering map and separates three well-posedness questions. A unilateral best response
against fixed linear opponent maps is globally well posed for every finite horizon, and the
joint policy update is a contraction on short horizons. For arbitrary horizons, existence
and uniqueness follow under a weighted monotonicity condition that one can also check

numerically near a computed equilibrium.

Notation. C denotes a generic constant depending on (n,d, L, \); C(M) when it also

depends on a policy-norm bound M.
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A.2.1 Standing assumptions

Assumption A.1. There exist L > 0 and X > 0 such that, for all t € [0,T] and
all i, | BXO + IBX @) + lo@ll + POl + G @) + 1G]+ I1GY () o= +
IGPXi(8)|| + |GXXAT)|| + |G| + |GXHT, )| < L, the joint running Hessian is
positive semidefinite, and the Schur condition (1.3.3) holds with constant A (which implies

GPPi(t) = Ny, since S* < GPP+),

A.2.2 The kernel state space and its dynamics

At time t the kernel state is

j=1 sym

2= (X, Xi(0), {FY) € RO L2([0,4; R0 5 TT L2, ([0, 1] RO DX rind),
j=1
(A.2.1)

The unresolved response X7 is not a state variable, but follows algebraically from (Z;) by
. , t :
X7 () = Xo(u)(I — TP) — / Xi(0) F (v, 1) dv. (A.2.2)
0

It is the part of X, that player j has not resolved from its own observations.

Under a noise-state linear profile D = {(D?, D7)}"_,, the kernel state evolves by

X(t) = BY ()X, + 4 BY (1) Df, (A.2.3)
Xi(s) = BX(D)Xi(s) + S BE(ODly(s),  Xu(s) = () E”, (A.2.4)
O (u,5) = X{ () PI(1) X{(s), F} =0, (A.2.5)

with E° the block selector for the state noise W, boundary Fj (u,t) = X} (u)T B’ (t)T E7,
and primitive-shock control D} (s) :== Dy (s)II* + [§ DF(u) Ff(u, s) du.

The policy D enters (A.2.3)-(A.2.4) but does not enter (A.2.5) directly, since F”
depends on D only through X by (A.2.2).
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A.2.3 Dynamic-programming interpretation of a fixed-profile

best response

The deterministic kernels in (A.2.1) are useful for computing equilibrium, but they are
not themselves a state observed by any player. Their domains also grow with time and
create the birth terms at the current date derived in Appendix 1.B. For these reasons,
the well-posedness results below do not rely on a Hamilton—Jacobi—Bellman equation on
(X,X,F).

Dynamic programming instead becomes available after fixing the opponents’ complete
linear strategy maps. For player 7, let S} denote the augmented hidden state containing the
physical state and the opponents’ noise-state coordinates that enter their future controls,
lifted to a fixed Hilbert space so that its generator includes transport and coordinate

births. The player-specific separated state is
m; = E[S; | F].

Under the frozen linear profile the problem is linear Gaussian, the conditional covariance

is deterministic, and the separated state has the formal innovation representation
dmj = (Amj + Bjuj + b} )dt + K; dI}.

The control u} moves the drift, and the innovation dI} carries what the player learns.
For the value function normalized as one half of the continuation cost, the corresponding

formal HJB equation is
. 1- ) ) ) )
0= Q,V'(t,m) + inf {2£’(t, m,u) + (DVi(t,m), Aim + Biu + b} )

+ ;Tr[K;(K;)*Dzvi(t, m)] } (A.2.6)

218



The first-order condition is
" = —(GPPI()) 7 [GPX() Txm] + (B)* DV (t,mi)], (A.2.7)

where ITxym! = E[X, | F/] is the physical component of the separated state. A quadratic
operator ansatz for V* gives an operator Riccati system. Its off-diagonal blocks, coupling
the physical component of m’ to the opponents’ noise-state coordinates, are the dynamic-
programming counterparts of the belief prices and the information wedge. A rigorous
HJB treatment would require specifying the fixed-space lift and the unbounded transport

and birth operators.

A.2.4 A priori bounds from projection structure

The filter kernel F/ parametrizes a portion of the conditional projection (P} f)(u) =
IV f(u) 4+ J&F/(u,s)f(s)ds, player j’s blueprint, an orthogonal projection on

L%([0,t]; R™*+D4) (Theorem 1.5 and the projection interpretation following it).

Lemma A.2 (Projection bounds). For each j andt > 0: (i) |P]|lop = 1; (ii) both P}

and I — P} are L-contractions; (iii) ||P] — TV | op < 2.
Proof. Standard properties of orthogonal projections; (iii) is the triangle inequality. [

Lemma A.3 (Dissipation). {Ptj}tzo is non-decreasing in the positive semidefinite order,

and || X7 (t, )| 20y < IX (& ) |z2o.) for all t.

Proof. P} is the orthogonal projection onto the JFj-measurable linear functionals of
W (Lemma 1.7); since FJ C F! for s < t, these projections are nested and P} is
non-decreasing. Since X7(t,-) = (I — P})X(t,-) by (A.2.2), Lemma A.2(ii) gives the
bound. 0

These bounds hold uniformly in the precision paths, the policy profile, and the

horizon T. As P/ grows toward I, the complementary projection contracts, driving
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X’ = 0 and decelerating FV, so the quadratic right-hand side of (A.2.5) is self-limiting.
This prevents finite-time blowup despite the quadratic nonlinearity, just as the Kalman

filter covariance remains bounded.

A.2.5 Well-posedness

Definition A.4. Define BY := {D = {(D',D)}, : D' € C(0,T];RY), D' €
C(Ar), |D| < M}, where ||D| := max;(||D||¢ + || D'||z~). With continuous data
the Volterra structure of (1.A.5)—(1.A.6) and of the adjoint equations propagates conti-
nuity to F* and to the belief prices, so the birth traces Fj(u,t), Fi(t,u) and H;"(t) are

defined pointwise.

Definition A.5 (Forward-backward policy update). Define

n

T(D) - {(_(GDD,i)fl[GDX,iXD + E’X,i,D]7 _(GDD,i>71[GDX,iXD 4 HX,i,D])}iZI,

where the adjoints solve the backward system of Theorem 1.8 at the forward environment

induced by D. Fixed points are Nash equilibria (Corollary 1.11).

Proof of Proposition 1.12. Use the control-free reference filtration of Proposition 1.6 and
let

Lli = L2

prog

(Q x [0,T],F; RY).

The exact system for the difference between two controls makes the physical state and all
induced opponent controls affine and continuous functions of the realized input u; € U;.

The cost then has the form

J'(ui; D7) = 5(“17 Aguiyy, + (b, uiy; + ¢,

where A; is bounded (Proposition 1.6), deterministic, self-adjoint, and (u;, A;u;) > Aus||?

by Lemma 1.10. There is then a unique minimizer.
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It remains to show that the minimizer is noise-state linear, without assuming in
advance that the optimum lies in that class. Split every square-integrable functional of
the reference noise into its affine part, a constant plus a linear functional of the noise, and
a remainder orthogonal to all affine functionals. The frozen linear causal response maps
send affine functionals to affine functionals and remainders to remainders (they are built
from deterministic kernels and from conditional expectations given filtrations generated by
linear functionals of the noise), so A; does the same, b; is affine, and the cost has no cross
term between the two parts. Any remainder in a control contributes only its nonnegative
quadratic cost and cannot occur in the unique minimizer. Since F/ is generated by linear
functionals of the reference noise, conditioning on it also maps affine functionals to affine
functionals and remainders to remainders, so the affine part of an adapted control is
adapted and the minimization over U; may be carried out part by part. The minimizer is
consequently affine Gaussian and adapted. By the Gaussian-span statement in Lemma 1.7,
it has a deterministic noise-state representation. The corresponding deterministic kernels

satisfy the stationarity system. O

Fixed coordinates for arbitrary-horizon equilibrium. The monotonicity result

below is stated on a fixed Hilbert space of complete linear causal strategy maps. Let

ST = HS%

=1

be such a realization, using a profile-independent observation or reference- innovation
coordinate system. If profile-dependent noise-state coordinates are used computationally,
the coordinate-change terms are included when the best-response derivative is formed.

Proposition 1.12 defines the exact best-response map

B(s) = (Bi(s*i))jzl, s € Sy,
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and the equilibrium residual

R(s) :=s — B(s). (A.2.8)

A zero of R is a fixed point of the exact linear-strategy best-response map, and so a Nash
equilibrium (Corollary 1.11).

The forward estimates below follow by Gronwall arguments on the forward sys-
tem (A.2.3)—(A.2.5), using the a priori bounds of Lemmas A.2-A.3 to control the quadratic
nonlinearity in (A.2.5). The adjoint estimates follow by backward Grénwall on the
linear adjoint system (1.B.19)—(1.B.20), using Cauchy—Schwarz on the belief-price cou-
pling terms, including the birth term B};’k(t)TEkﬁf *(t) and the drift-inference integral

Jo PRO)XE(r) HY (r) dr.

Proposition A.6 (Bounds and Lipschitz continuity). Under Assumption A.1, for D €
B :

(i) The forward system has a unique global solution with | X||c + [|X||ze < Kiwa,
IX9(t, )2 < Kewa VT, [P lop = 1.

(ii) The backward system has a unique solution with ||[H*|c + |H*||p~ < Kywa, and
time derivatives bounded by C (M) K.

(iii) Both maps D — (X, X,X7) and D — (HX' HX?) are Lipschitz with constants
Crwd(T, M) and Cpya(T, M) respectively, both bounded by C(M)T T

Here wad,Kde S C(M)BC(M)T

Proof sketch. For the forward system, (X , X) solve linear equations with bounded coeffi-
cients once D}, is controlled. The operator bound ||Pf — I1¥||,, < 2 (Lemma A.2(iii)) on
the filter kernel closes the system in L? by Grénwall, ruling out finite-time blowup. The
L closure follows by bootstrapping. With ¢(t) := || X||z=(a,) + maxy ]|Yk\\Lw(At), the
explicit formula (1.A.10) gives ||[FF(-, s)||z2(o.9) < C(M)(1 + ¢(t)), so Cauchy—Schwarz
on D, (s) = Df(s)II* + [§ Df(u)FF(u,s) du gives | Dy, (s)] < C(M)(1+ ¢(t)), and ¢

satisfies ¢(t) < C(M) + C(M) 5 ¢(r) dr.
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For the Lipschitz bound, the variation § D¥, decomposes into a direct term bounded
by C(M)|6D|| and an indirect term through §F*, which couples to 6X* and back
to 0X by (A.2.2). A Gronwall argument on the aggregate V(t) := |[0.X||ro(a,) +
max; sup, <, [|[0X7(r,-)|| 2 gives W(T) < C(M)Te“M7T|[§D||; the factor of T arises because
the policy enters through integrals of length < 7.

The backward estimates follow from linearity of the adjoint system, Cauchy—Schwarz

on coupling terms, and backward Gronwall. O

Theorem A.7 (Short-horizon equilibrium). Under Assumption A.1, there exists T* > 0
depending only on (n,d, L, \) such that for T € (0,T*], T is a contraction on BY° for a
suitable My. There is then a unique noise-state linear equilibrium in IB:,MO, Picard iterates

converge geometrically, and it is Nash over the full admissible L? class.

Proof. Write Tr for the update on horizon T. By Proposition A.6(ii), there are Ty > 0
and Cy < oo such that

sup | 70(0)] < Co.

0<T<Top

Set My := 2Cy. Proposition A.6(iii) gives
Lip(TT;B%) < AIC(My)TeCMoIT.
Choose T < Tj so that the right-hand side is at most 1/2 for " < T*. Then, for D € B,
1

1
17z (D)1 < 720}l + S IDI < Co + 5 Mo = Mo,

The map 77 is then a self-map and a contraction on nyo. Banach’s theorem gives

existence, uniqueness, and geometric convergence in B.°. 0

Proposition A.8 (Weighted Jacobian criterion). Let W : Sy — Sr be bounded, self-
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adjoint, and uniformly positive, and write

Let K C St be convex, and suppose that the exact residual R is continuously Fréchet

differentiable on K. If there is jp > 0 such that

(WDR(s) + DR(s)*W) = uW  for every s € K, (A.2.9)

N —

then R is p-strongly monotone on K:
(R(s) = R(S),s — 8)w = ulls — 8|y
Proof. Set A =s —s. Convexity of K and the fundamental theorem of calculus give
1
R(s) — R(8) = / DR(S + 0A)A db.
0

Taking the W-inner product with A and using (A.2.9) proves the claim. O]

Theorem A.9 (Certified equilibrium on a strategy ball). Fiz a reference profile sy € St
and R >0, and set

Kr(sg) :={s € Sr:|[|s —sollw < R}.

Suppose that the exact best-response map is well defined on Kg(so) and that its residual

R =1 — B is pu-strongly monotone and L-Lipschitz there. If

IR (s0)llw < 1R, (A.2.10)
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then Kg(sp) contains a unique profile s* satisfying

R(s*) =0.

The profile s* is a Nash equilibrium over the full admissible L? control class. For every

2
0<n< T2
the projected residual iteration
s" = Py [8™ — nR(s™)] (A.2.11)

converges geometrically to s*.
Proof. For s,8 € Kg(sp), nonexpansiveness of metric projection gives
~ 2
| PR ooy (8 = 1R()) = Pitye) (8 = nR(3)))|,

< (1= 2nu+ L) |Is - 8[l3-

The stated range of  makes the projected map a contraction. Banach’s fixed-point
theorem supplies a unique fixed point s* of that map. The projection characterization
gives

(R(s"),y —s")w >0 for every y € Kr(sp).

If ||s* — so|lw = R, choosing y = s( gives

(R(s"),8" —so)w < 0.
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Strong monotonicity relative to sy instead gives

(R(s"),s" —so)w > uR* + (R(so),s" — sohw

> uR* — | R(so)llwl > 0,

a contradiction. The profile s* then lies in the interior of the ball, and testing the
variational inequality in both directions gives R(s*) = 0. Strong monotonicity shows that

two zeros in the ball must coincide. O

Remark A.10 (A two-player check). For two players and scalar weights ry,ry > 0, a

sufficient form of (A.2.9) on a convex set K is

1
5 [\/Z DQBl (S) + \/EDlBQ(S)*

Only the symmetrically reinforcing part of reciprocal best responses enters. Monotonicity

sup < 1.

seK

op

can then hold even when ordinary Picard iteration is not a contraction because the

dominant feedback is antisymmetric or rotational.

Corollary A.11 (Numerical certification near a computed profile). Let § be a computed

strateqy profile for a finite- dimensional discretization, let

be the computed Jacobian of the best-response residual at s, with ||Jr — DR(S)||w < &,
in the weighted operator norm ||Alw = |WY2AW=Y2||,,, and define the local weighted
margin

_1/2 WJR _|’ J';I?—‘W

i = Amin |W w—2| (A.2.12)
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Suppose that, throughout Kg(8),

IDR(s) = DR(8)|lw < AR.

Then R is strongly monotone on that ball with constant

ILLRZ:,L/Z—gJ—AR.

If
pr >0, [[R(S)[lw < prR, (A.2.13)

then the ball contains a unique equilibrium.

Proof. The Jacobian-variation bound and the variational characterization of the smallest
eigenvalue imply

(WDR(s) + DR(s)*"W) = ugW

N | —

throughout the ball. Proposition A.8 and Theorem A.9 then apply with center 8. n

Numerical implementation. After discretizing the deterministic policy kernels, the

margin (A.2.12) is the smallest generalized eigenvalue of

(W + JgW) ¢ = pWap.

|

Take the Jacobian for the exact best-response residual, computing it from tangent equa-
tions, automatic differentiation, complex-step differentiation, or centered finite differences.
A positive i alone certifies local monotonicity and local uniqueness, but the variation
and residual bounds in (A.2.13) turn it into a rigorous certificate on a whole ball. Report

separately

~

Ay omin(Jr),  p(DB(S)).
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The first measures the monotonicity margin, the second local invertibility, and the third
local convergence of undamped Picard iteration. Then g > 0 together with p(DB) > 1
describes a locally unique equilibrium for which ordinary Picard iteration is unstable but

sufficiently damped residual descent remains convergent.

Remark A.12 (What remains model-specific). Theorem A.9 is an arbitrary-horizon result,
but one must verify its hypotheses on the chosen strategy ball. In the noise-state system
this requires differentiating the deterministic forward filter and backward belief-price
equations with respect to the fixed linear strategy maps. The resulting tangent equations
are linear Volterra—backward systems. Proposition A.6 supplies the zeroth-order bounds;
a corresponding first-order estimate gives DB, while a second- order estimate or validated

numerical bound gives A in Corollary A.11.

Remark A.13 (Stochastic coefficients). If primitives depend on a public factor process &,
the kernel state augments to (2, &;). The projection bounds of Lemmas A.2-A.3 are
algebraic and hold pathwise, so forward well-posedness extends between jumps of . At
each jump the filtering gains, strategies, and the information wedge shift discontinuously,

while Z is continuous across jumps.
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